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Abstract

We presentan unbiasedMonte Carlo techniquefor estimatingthe
value of re ected radianceat a surfacepoint dueto a hemisphere
of directdistantillumination. We useanimportancesamplinges-
timator with a novel piecevise-constantmportancefunction that
effectively concentratesay sampleswhereenenpy is likely to be
found. The importancefunctionis efcient to evaluateand drav
sampledrom, andis choserto minimizeits squaredlistancefrom
the integrandof the radianceintegral, even thoughthe exactform
of thisintegrandis unknaown.

To properly accountfor the effects of the visibility termin the
shadingcalculation,we proposethe useof a shadowcache which
cachedgnformationaboutwhich ray directionsareoccludedor un-
occludedfrom a point in space. We can incorporatethis infor-
mationinto the importancefunction to automaticallyconcentrate
hemisphericabamplesvherethe light sourceis likely to be unoc-
cluded,therebyincreasingheef ciency of the estimator

We presenvisualandnumericakesultshatdemonstratéhenew
estimatorcan give ordersof magnitudelower error than simpler
samplingtechniquedor highly comple lighting situations.

CR Categories: G.3 [Mathematicsof Computing]: Probability
and Statistics—MonteCarlo Algorithms 1.3.7 [ComputerGraph-
ics]: Three-DimensionaGraphicsand Realism—Coloy shading,
shadaving, andtexture

Keywords: globalillumination, Monte Carlointegration,impor-
tancesampling shadev cachejmage-basetighting

1 Intro duction

A commonrenderingaskin visualeffectsis to integratecomputer
generatectlementswith a live actionbackground.The CG mod-
els rangefrom organic characteranimatedvia complec physical
modelsto staticobjectslik e buildings or vehicles.Often, all of the
light in the sceneemanate$rom outsidethe object,andthe object
passvely re ects incidentradiancetowardthe camera.ln practice,
theserenderingsarefrequentlyachiezed usinga numberof heuris-
tic techniquesinostly requiringlaborintensie setupandtweaking
by digital artists.

As computergyet fasterandglobalillumination algorithmsim-
prove, thereis an increasingdesireto ef ciently calculatesuch
“outside-in” lighting situationsusingglobalillumination. A funda-
mentalstepin mary of thesealgorithmsis to compute ata surface
point, theradiancee ected toward somedirectiondueto directil-
lumination(i.e., photonsthat have traveleddirectly from the light
sourceto the surface,without having beenre ected in between).
We presenta techniqueto computethis quantity ef ciently in the
outside-incasewheretheincidentlight hasthehighvariationfound
in real-world lighting situationssuchasoutdoorsor on a cinematic
set.

e-mail:jcohen@rlythm.com

1.1 Reected radiance

Consideran arealight sourcethat subtendssolid angle W whose
radianceoutputat a particularwavelengthis characterizedy the
functionL(p; w), afunctionof apointin spacep andadirectionw.
For aparticularsurfacepoint p with normaln, andrayto thevirtual
cameree (the“eye” ray), there ectedradiancerom p alonge due
to thelight sourcecanbe expressedstheintegral

z

I(p;n;e) = W2WL(p:W)fr(W:n:E)Vp(W)(n wydw (1)

where f; is the bi-directional re ectance distribution function
(BRDF) that describeshow light is scatteredrom direction w to
e with surfacenormaln, andV,, is the visibility function whose
valueis O if pis occludedfrom thelight sourcein directionw and
1 otherwise:

For simplicity, we canreferto theintegrandasH:n.e andrewrite

theequationas

Zz

[(pin;e) = Hpne(w)dw:

w2W
We call H the hemisphericatransferfunction, andits Sl unitsare
Watt=m?=sr2, or radianceper solid angle. For notations sale, we
will dropthe p; n; e subscriptsbut it is importantto remembethat
H varieswith p, n, ande?.

In the techniqueof image-basedighting (IBL), we considera
light sourcepositionedat the sphereat in nity . ThenL(p; w) de-
pendsonly on directionw, sowe candropthe p parameterTypi-
cally, thislight sourceis derivedfrom measurediatacapturedvith
apanoramicameraor radiancesensorandthevaluesof L(w) are
storedin anervironmentmap. For theremainderof this paperwe
will usel in this image-basedighting sense.Furthermore Inte-
gral 1 is evaluatedover the entirehemisphereenterecaroundthe
surfacenormaln, whichwe will denoteby W,. We dropthen sub-
scriptwhenit canbeinferredfrom the context.

Theoverridingcostof evaluatingEquationl is testingthevisibil-
ity term,which typically requirescastinga ray into the scene.Our
goal, therefore,is to minimize the numberof timesthe visibility
function mustbe testedby minimizing the numberof hemispheri-
calsamplesequiredto estimateEquationl with low noiseandhigh
accurayg. While it maybe possibleto use nite quadratureulesto
estimateintegralssuchaswe areinterestedn, Monte Carlo (MC)
andQuasi-MonteCarlo(QMC) methodsaretheobviouschoicebe-
causeof theiraccurag and e xibility. The ervironment-basedn-
portancesamplingschemepresentedn Section4 producesgood
resultswith asfew as128 hemisphericasamplesgvenin a highly
dynamiclighting ervironment.

We focus on diffuse re ectance modelsbecausehey are the
hardesto samplen thecasewe areinterestedn. Becausadiffuse

IMost authorsuseL, to denotere ected radiance.We preferthe func-
tional notationl (p; n; €) in this context becausét stresseshatre ected ra-
diancevariesover theimageplaneandis a functionof p, n, ande.

2In the caseof a LambertianBRDF, H is view-independenandhence
doesnotnotdepencbne.



BRDF distribution essentiallyhasno tail, it doesnot maskthe ex-
tremespikesandvariationsfoundin L or V. Thereforewe needto
besurethatthesamplingpatternwill nd all of thefeaturesn L and
Vp, whichcanbequitedif cult sincethereis no analyticalform for
eitherof thesefunctions. Furthermorea large portion of the total
CPUtime spentin a large productionfacility suchasRhythm and
Huesis spentcalculatingpreciselythis quantity: re ected radiance
of Lambertiansurfacesundercomple distantillumination.

Ourtechniquewill generalizeo ary re ectancemodelwherethe
BRDF (multiplied by thecogw) factor)canbeexpressedsafunc-
tion of asingledirection,or wherethe BRDF canbe approximated
asthe productof several suchfunctions[Kautz andMcCool 1999;
LattaandKolb 2002]. Potentially thistechniquecouldcover anex-
tremelylargeandusefulclassof refectancalistributions. However,
atthetime of thiswriting, non-Lambertiame ectancemodelshave
notbeenimplemented.

2 Related Work

Thetechniqueof image-basetighting hasexistedfor over20years
in theform of ervironmentmappingandprecorolvedenvironment
mapping,techniquesvhich do not considervisibility [Blinn and
Newell 1976; Williams 1983; Miller and Hoffman 1984; Greene
1986]. The recently introducedtechniqueof ambientocclusion
mapping[Christenser?002], builds on this early work by approx-
imating visibility with a singlescalevalue. Thesetwo techniques
will bedescribedn Section3.1. [Debevec1998]demonstratethat
IBL couldbeusedin aglobalillumination settingby projectingthe
ervironmentmap onto geometryasan emissve texture map. De-
bevecandhiscolleaguesilso lled in anumberof missingpiecesof
thelBL techniquesuchashow to captureradiometricallyaccurate
information using a standardcamera[Debevec and Malik 1997],
andhow to castshadavs from CG objectsontorealones[1998].

The samplingtechniquedescribedn Section4 is aform of im-
portancesampling,which is animportant eld of studyin numer
ical analysis. We refer the readerto a textbook such as [Evans
and Swartz 2000] for a thoroughdescription,or [Owen andZhou
2000]for aanovervien of modernimportancesampling.Because
of its good performanceand e xibility, importancesamplinghas
beenusedextensiely in renderingalgorithms.[Shirley etal. 1996]
describedechniquedor ef ciently samplingluminairesusingim-
portancesampling. [Veachand Guibas1995] gave a formulation
for optimally combiningimportancesamplingtechniquegor sam-
pling the re ectancedistribution aswell aslight sources. Veach
and Guibaslater applieda Monte Carlo Markov Chainalgorithm
to solwve the pathtracing form of global illumination [Veachand
Guibas1997]. For an excellentoverview of importancesampling
and other Monte Carlo methodswe recommend/eachs engy/clo-
pedicdissertatiorf1997].

Solving Equationl underdirectillumination is a sub-problem
thatarisedrequentlyin globalillumination. Someof thealgorithms
that requirea solutionto this sub-problemincludethe nal gath-
ering stepof photonmapping[Jenser2001], distributed ray trac-
ing [Cook et al. 1984], bi-directionalpath tracing [Lafortune and
Willems 1993], hierarchicalMonte Carlo rendering[K eller 2002],
andirradiancecaching[Wardetal. 1988].

Perhapshemostsimilarwork to ourownis [JenserL995]which
guidesMonte Carlo pathtracingwith animportancefunction built
from informationin a photonmap. Like Jensenpur importance
functionis piecaviseconstantandbasedn apartitionof thehemi-
sphere The advantageof Jensers approachs thatthe photonmap
is able to accountfor direct and indirect illumination simultane-
ously, while ourimportanceunctionis basednly ondirectillumi-
nation.In thecasethatmostof thelight enegy is direct,ourimpor
tancefunctionmatchegheintegrandmoreclosely Bothtechniques
naturallycomplemeneachother andthey could be combineddi-

rectly usingVeachandGuibas'balanceheuristic[1995], or via an
extendedshadev cacheasdiscussedn the Conclusion.

3 Existing Strategies

3.1 Approximate solutions

By ignoring the visibility term Vp, we get an approximationto
Equation1 we will referto asthe non-shadowepproximation
In the IBL setting,whenthe BRDF f;(n w) canbe parameterized
by exactly onevector thereis asimplealgorithmfor computingthe
non-shadwed approximation. In the Lambertiancase for exam-
ple, fr(w;n;e)(n w) = n w, andEquationl simpli es to
z

I(n) Ins(n) = L(w)(w n)dw: 2)
w2W
Ins is a function of the surfacenormaln. Thus,Is(n) canbe pre-
computedfor a densebut nite setof directionsand storedin a
texture map. Shadinga surface point with normaln, involves a
single texture maplookup basedon the value of n. This “diffuse
precowolution” technique(shovn in Figure 1(a)) wasintroduced
by Greeng[1986] andis closelyrelatedto the theoryof spherical
convolution, alink thoroughlyexploredin [RamamoorthandHan-
rahan2001].

Therecentlyintroducedechniqueof ambientocclusiormapping
(Figure1(b)) approximateshe effectsof shadaving in the shading
calculation[Christenser?002]. The basicambientocclusionap-
proximationto Equationl is

z z

1 Vp(w)dw
2W

I(n) lao(n) = Z w

L(w)(w n)dw
w2W

®3)
Thevalueof the rst integral is calledambientvisibility (its com-
plementis ambientocclusion)andmaybeprecompute@dndstored,
for example,in atexturemap.

Therehasalsobeenwork in approximationgo Equationl using
eithera nite setof directionallights to approximatethe continu-
ously varying incidentradiancelL (shavn in Figure 1(c)) [Cohen
andDeberec2001],or deterministicquadratureulesto directly es-
timate the integral [Kollig and Keller 2002a]. The problemwith

nite techniquedike theseis that they cannotcorrectly compute
bothsoftandhardshadevs without alarge numberof samplesin-

adequatesamplingresolutionresultsin bandingalongthe shadav

regions.Kato describes novel deterministicnal gatheralgorithm
usedin the Kilauearenderer{2002] that reusesay samplesrom

pixel to pixel via view interpolationcalled” nal gatherreprojec-
tion” Theshadav cachein Section4.3 could be seenasa proba-
bilistic versionof Kato's approach.

Photonmappingcanalsobe usedto estimatere ectedradiance.
Althoughit is technicallya biasedalgorithm,it is accurateenough
to be consideredexact if a high-enoughnumberof photonsare
traced. However, the weaknes®f photonmappingis exactly the
casewe are interestedin — estimatingre ected radiancedue to
directillumination. Although techniquessuchas castingshadev
photons[Jenserand Christenserl995] canestimatethis quantity
Jenseli2001]recommendssingpathtracingto obtainthe nal ac-
curateestimaten atwo-pasgphotonmappingalgorithm. Also, we
arenot awareof previously publishedtechniquedor ef ciently in-
corporatingmage-basetighting into a photon-mappingenderer

3.2 Exact Monte Carlo solutions

Thereareasmary Monte Carlo techniquesandways of combin-
ing themto estimateEquationl astherearerenderingsystems.It

is thereforehardto say which techniqueswvork best,sinceit de-
pendon the particularfeatureof H. The theory of Quasi-Monte



(a) Preconolveddiffuseenvi- (b) Ambient occlusion map-
ronmentmapping. ping.

(e) Thesameas(d) underthe
graceervironment.

() New sampling scheme
with 64 samples.

with 165samplesandno visi-
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(c) Approximation by 40 di-
rectionallights.

(d) Uniformly illuminated
Cosine-weightedQMC with
64 samples.

(@) New sampling scheme (h) New samplingschemaun-
der uniform lighting with 64

ble noise. samples.

Figurel: Comparisorof the differenttechniquedor estimatingre ected radiance We have intentionallyrenderedvith no anti aliasingand
usednoindirectilluminationin orderto highlight noiseandotherartifacts.

Carlo integrationis quite advanced,and integration schemesus-
ing randomizedQMC sequencesre probablythe bestfor blind
or BRDF-basedsampling. For comparisorpurposeswe will use
the randomizedQMC sequencelescribedn Section7 of [Kollig
andKeller 2002b],which is basedon the LarcherPillichshammer
radical inversefunction. For uniform lighting ervironments,im-
portancesamplingbasedon the surface BRDF works very well.
[Dutre 2001] describesall of the necessaryormulasfor Lamber
tian or Phong-basedmportancesampling. In our experience the
combinationof thesetwo techniquegproducemearperfectresults
whenthe surfaceocclusionis fairly simpleandthe lighting envi-
ronmentis uniform or almostuniform.

Figure 1(d) shaws the resultsof renderinga simple scenewith
randomized)MC cosine-weighte@mportancesamplingunderuni-
form lighting. Thisimageis generatedvith only 64 raysper pixel,
andhasno visible noise. The problemwith this technique how-
ever, is thatit only takesthefeatureof f; into account.Therefore,
it will performpoorly whenthe featuresof L dominatethe beha-
ior or H, which is the casewe areinterestedn. This canbe seen
in Figure 1(e), which is renderedwith the sametechniqueat the
samesamplingrate underthe complex “grace” ervironment[De-
bevec 1998]. Figure1(f) shawvs the environment-basednportance
samplingtechniquedescribedn Section4 at the samesampling
rate. At 165 hemisphericabamplesthis schemeproducesalmost
no visible noise(Figure1(g)). A comparablenoiselevel with the
QMC integratorrequiresaboutl000samples.

Ourtechniqueperformsslightly worsethanagoodBRDF-based
importancesamplingschemewvhentheenvironmentis uniformand
visibility is simple, as can be seenby comparingFigure 1(d) to
Figure 1(h). This is not surprisingbecauseQMC BRDF-based
schemesre closeto analytically optimal in thesecasesand have
superiorstrati cation of samples.

4 The Sampling Scheme

For environment map E
For scene geometry M
For camera C
For each pixel p
For each hemispherical sample w

Compute unoccluded contribution from
environment map E in direction w to
surface point of M visible at camera
C under pixel p.

Figure2: Theimage-basetighting process.

Figure 2 givespseudocodefor how the IBL processts into a
productionwork ow. To optimizethe useof IBL within sucha
work ow, our guiding principleis to to factorasmuchaspossible
out of the innerloops. In particular if thereis a way to decrease
the requirednumberof hemisphericakampleswe wouldn't mind
spendingseveral hoursof computatiortime if this costis incurred
only onceperenvironmentmap? Scenesindcamerashangemore
often, but we canstill afford to spendseveralminutesof precompu-
tationatthesceneor camerdevel. We alsoincursomeoverheadger
evaluationof Equationl (i.e. every pixel or sub-pixel) thatmakes
ourtechniqueslowver thana simplersamplingtechnique However,
thesavingsgainedby decreasinghenumberof requirechemispher
ical samplegyuickly outweighthis “startup” overhead.

3Actual precomputatiorimes are about20 minutes,dependingon the
quality settings.



4.1 General importance sampling

Importancesamplingis an unbiasedMonte Carlo techniquethat
succeeddy placing more sampleswvherethe integrandhasmore
enegy. Givenafunction f overdomainD, to estimateheintegral

Z
| = f(x)dmx) (4)
x2D

usingimportancesampling we needafunction p(x) suchthatsam-
plescanbe dravn from D accordingto p.d.f. p, andp is easyto
evaluateat ary pointin D. GivenN samples X;gN ; dravn from
D, X  p,theimportancesampleestimatorof Equationd is

14109,
PNTON S PO

De ne theresidualr(x) = f(x) 1p(X). fp;N is arandomvariable,
andits varianceis givenby
h i 47

- r(9?.
Var 1oy N x5 POO - (5)
Clearlythisis minimizedwhenr(x)2=p(x) is closeto 0, which hap-
penswhenp(x) f(x)=I. We referthereaderto [OwenandZhou
2000]for a moredetaileddiscussiorof the pitfalls andbene ts of
importancesampling.

Importancesamplinghasbeenused for example,in [Veachand
Guibas1995], to evaluatere ected radianceby matchingfeatures
in theBRDF f,. Thisworkswell for uniformarealight sourcesTo
applyit mosteffectively in IBL, however, we would like animpor-
tancefunctionthatmatchesll of thefeaturesn the hemispherical
transferfunctionHp:ne. Thisis dif cult for two reasonsFirst, it is
necessaryo pick animportanceunctionthatis easyto drav sam-
plesfrom. We proposeusing a piecavise-constanapproximation
to H thatcanberapidly computecandsampledrom. SecondH is
differentfor eachpoint p becauséhevisibility functionV, changes
with p. We proposeusing a shadowcache to estimatethe value
of V, basedon nearbysurface sampleswhich canthenbe com-
binedwith the piecavise-constanimportancefunctionto yield an
ef cient importancesamplingscheme.

4.2 Environment-based importance sampling

We begin by splitting H into a sumof severalfunctions,eachwith
smallsupport.Letf T, gi"ﬂ 1 beapartitionof the unit hemispher&\,
inthesensehatT,\ T; 6 0) i= jand[ M. T = Wh. Werewrite
H as

M
HW) = & cr(WH(W)
i=1

WherecTi (w) is theindicatorfunctionover region T; thatis 1 when
w2 T; otherwise0. In the Lambertiancase this expandsto

M
Hw)= & cr, (W)L(w)(w n)Vp(w)
i=1

If aregion T, is smallenoughwe canapproximatethe value of
H over T; asa constantfunction whosevalueis the averageof H
overT;. Thuswe have

o L@)(q Va(@)dg
w) Ared(T,)

M
a C'ri(
i=1

H(w)

whereArea(T,) is thesurfaceareaof theregion T, andq isadummy
variableof integration. If we leave out thevisibility term,theinte-
gralin thenumeratorcanbeinterpretecastheresponsef the ervi-
ronmentmapde ned by L(g) ¢ (q) underthe LambertianBRDF
with normaln, whichis justthe non-shadewedapproximatiorfrom
Equation2. We canfurtherapplytheambientocclusionapproxima-
tion asin Equation3 to approximatehe visibility term's contriku-
tion with the averageocclusionover theregion T;. In otherwords,
let R
_ gor Ve(@)dg
AP = Ry
whichgivesavalueA;(p) 2 [0; 1]. SincecomputingA; (p) exactlyis
is dif cult, we well useanestimatefor thisvalueAi(p). Improving

theaccurayg of the estimate&i (p) will decreas¢hevarianceof our
nal estimatoiin Equation?, butto make theestimatomunbiasedve
only requirethatA;(p) > 0 whenA;(p) > 0. A piecavise-constant

approximatiorto H, denotecH, is

AP pwer (@L@)a mdg
Ared(T,)

M
Hon(w) = & cr.(w)
i=1

H will be constanover eachregion T,. Like H, H varieswith the
point p andthe normaln. Figure3 shavs a plot of H, incorporat-
ing the environmentmap andthe cosinefalloff of the Lambertian
model.

Our goalis to usethe standardmportancesamplingestimator
givenin Equatiord with Hp:n astheimportancefunction, W, asthe
domain,andHp;, astheintegrand. For this, we needto be ableto
evaluateHp;, efciently at eachpixel, andwe needto be ableto
drav samplesrom W, accordingto thedistribution F|p;n. We now
describehow to accomplishbothof thesetasks.

The approximatiorHp,, dependson a particularpartition of the
hemisphereenteredcaroundn. Becausen may changewith every
pixel, we mustgenerate suitablepartitionon-the- y, andcompute
Hp:n over eachof theregionsin this partition.

LetfT.gM, bea x edtessellatiorof the spherénto M spherical
triangles. In Section4.4 we describehow to generatea goodtes-
sellationgivenanenvironmentmap.As a precomputatiorstepthat
is performedonceperervironmentmap,for eachsphericatriangle
T;, we computethediffusecorvolutionof ¢ L,

z
li(n) = WZT(CTI(W)L(W)(W n)dw

andstoretheresultsin atexture mapindexed by surfacenormaln.
We usea polar coordinateparameterizationf the |; mapat 32x64
resolution.(Higherresolutiongdid not make ary differencein ren-
deringquality) Thisis the mostexpensve stepin precomputation,
andtherunningtimeis proportionato M.

In theinnerloop of arenderingalgorithm,saytherendereneeds
to estimatere ected radianceat point p with normaln. We gen-
eratea tessellationof W, and computethe valuesof Hp,, over
eachsphericaltriangle in this tessellationas follows. First, we
computea weightW, for eachtriangleT; in the x edtessellation,
W = L(nmA(p). I;(n) is trivial to computesinceit was precom-
putedandstoredin amap.Ourtechniquefor computingA;(p) will
bediscussedh Sectiord.3.

To generatehe tessellatiorof the hemispheraboutn, ouridea
is to adjustthe x ed sphericaltessellatiorby a “clipping” proce-
dure,whereeachtriangleis clippedagainst\W, to generatea visible
triangle list. Thealgorithmfor sphericaltriangleclipping is given
in AppendixA. Theresultof clipping a triangleagainstthe hemi-
spherds thateitherthe entiretriangleis outsidethe hemispherein



(a) The “grace” ervironment (b) A plot of H at a surface
map. point.

(c) The sameplot as (b) 32 (d) The locationsof 1000 ray
timesdarkerto demonstrat¢he sampleschosen according to
detailin thebrightregions. H.

Figure3: Figure (b) and(c) shov the valueof H at a samplepoint underthe graceernvironment(a). The adaptie tessellatioralgorithm
(Section4.4) generatesigherdetail wherethe ervironmenthashighervariance.The ray samplesn (d) areconcentrateaver the brightest

light sourcesgventhoughthey subtenda smallsolid angle.
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Figure4: The function m mapsfrom the unit squareto the hemi-
sphereaccordingo theweightof eachsphericalriangle. First, the
index of i of a pointis determinecasedon which spans§ its x co-
ordinateliesin. It is mappedo the unit squareby normalizingits
positionwithin § via theCoord function,andthento the spherical
trianglevia the SphTri function.

which caseit is not includedin the visible list, the entiretriangle
is insidethe hemispherein which caseit is includedin thevisible
list unmodi ed, or thetriangleis partially insidethe hemispherein
which casethetrianglemustbe split.

As describedn the Appendix,the portion of a partially clipped
triangle T; that overlapsW, can be expressedas eithera smaller
triangIeTiO, or the union of two smallernon-orerlappingtriangles

'I'il andTiZ. In thecasethatasingletriangleis producedwe include
T(butnot T) in thevisible list andsetits weightto W.. In thecase
thattwo trianglesareproducedwe split the weightproportionatlto
thearea$ of thetwo resulttriangles,

!

Area(T1)
1_ i . 2 _ 1.
= — 12 W:w=w W
! Areq(T,) v o

andinclude Tt and T;? in the visible list (but not T;). Thelist of
visible trianglesis a partition of W, and the value of H over a
visible triangle T; is equalto the triangle's weight W, divided by
its area. R
We draw samplesrom W accordingto H asfollows. First, for
eachtrianglein the visible list we computethe normalizedweight
W as
W

W=

o

At visible Y

which is the probability that a samplewill be dravn from visible
triangle T,. We build amapm: [0;1] [0;1]! W suchthatif x

4Girard's Theoremsaysthatthe areaof a sphericaltriangleis a + b +
g p wherea, b andg arethedihedralanglesatthetriangles vertices.

is uniformly distributed over [0;1] [O; 1], thenm(x) will be dis-
tributedover Wwith probability H. Let M, ;i bethe numberof visi-
bletriangles.We divide theinterval [0; 1] into M,;; non-overlapping
subinterals§ = [a;;b;), suchthatthelengthof § isW. Thefunc-
tion Idx(x) mapsfromapointin x 2 [0; 1] to index i suchthatx 2 §.
Idx canbeefciently implementedisinga binary search.We also
de ne themapCoord(i; x) as

. X &
Coord(i;x) = :
b &
The function SphTri(T;u; V), describedn [Arvo 1995], uniformly

mapsfrom the unit squareto the sphericaltriangleT. Finally, mis
de nedas

m(u;v) = SphTri(T, ;Coord(ldx(u); u);v):

dx(u)
Figure4 givesaschgmatiwiew of m. Whenldx(u) = i, m(u;v) 2
T;, andthevalueof H(m(u;v)) is W =AreqT;).

If ijg'j\‘:1 are random samplesuniformly distributed over
[0;1] [O;1], theervironment-basedstimatoifor Equationl is®

L(m())(m(x;) MVp(m(x;))

A, "

. 1N
P &

While m hasthe desiredsamplingproperty it is discontinuous
andhencewill destry ary strati cation structureof the point set
fx]- g. Despitethis, we have obsered that pointsijg generated
usingrandomized)MC sequencegive betterresultsthanindepen-
dentlydravn samples.

4.3 The shadow cache

Thevisibility termmakesEquationl very dif cult to solve because
it makesthe integranddiscontinuous.However, asshavn in Fig-
ure5, thereis coherencén the valuesof Vp, within a neighborhood
of p.

Our methodfor estimatingA; (p) takesadwantageof this coher
ence. Wheneer a hemisphericatay is cast,we note from which
triangleT; in the x ed sphericaltessellatiorthe samplewastaken,
andrecordwhetherthe ray wasoccludedor not. For eachtriangle
T;, we computea denominatox; equalto the total numberof rays

SWe are glossingover the issueof multiple spectralwavelengths.lde-
ally, we would sampleeachwavelengthseparately In practicethis is too
expensve, sowe useusetheluminancevalueof I, (n) for the calculationof
W.



Figure5: Theshadwov cacheexploits the principlethatthevisibility
function (plottedin the upperleft cornerwith apolarparameteriza-
tion) is similar for pointsthatareneareachother

castthroughthattriangle,anda numeratom; equalto the number

of thoseraysthatwereunoccluded To save memory the shadev
cachevaluescan be storedat a lower angularresolutionthanthe
x ed tessellationusedin H, aslong asthereis a correspondence
betweertheindices.We call acompletesetof valuesn; andd, cen-
teredabouta particularpointa cacdheitem Cacheitemsarestored
in adatastructurecalledthe shadowcace. To computeA;(p), we
searchthe shadev cachefor all cacheitem nearbyto p, andcom-
putethe sumsof theitems' numeratoranddenominatorss n; and
sd;. If sd; is lessthansomethresholdwe use3), we saythatthere
is notenoughinformationto make a goodestimateandusea value
of 1. Otherwisewe uses n,=s d;.

Ratherthanusingthis valuefor Ai(p) directlyin Equation6, we
remapthe valuefollowing defensie importancesampling[Owen
andZhou2000;Hesterbay 1995]accordingo atunableparameter
a2 [0;1],

aA(p)+ (1 a):5)

which preventsH from having anarbitrarily smalltail distribution.
We have gottengoodresultswith a = :7.

(a) With shadev cache. (b) No shadev cache.

Figure6: (a) wasrenderedwvith a shadav cache(b) wasrendered
without. Theerrorin theshadov regionis reducecby 10 percent.

We have implementedh simpleimage-spaceachingdatastruc-
ture,which storesa cacheitem every few pixels,similarto theirra-
diancecache[Ward et al. 1988]. Proximity queriesarethenbased
on image-spacéocality. Thisimagespacedocality conditionmay
resultin noisierregions neargeometricdiscontinuitiesas shadov
cacheinformationis propagtedfrom onepixel to a neighboreven
thoughthe correspondingpointson the surfaceof the scenearenot
spatiallyclose.We believe thattheseartifactsarenot a fundamen-
tal aw of the shadav cache however, andcould be alleviated by
testingfor spatial proximity before sharingcacheitems between

6Sincewe only needapproximateshade information, n; andd; are
storedwith 8 bits precisioneach.

Figure7: Triangulationswvith M = 5000generatedrom graceen-
vironment(a) andthevideostoreinterior (b). Theminimumsubdi-
vision level is 3, the maximumis 6.

pixels,or by storingthe shadev cachein amoresophisticatedpa-
tial datastructuresuchasa kd-treeor mappedonto the surfaceof

thegeometry With ourimplementationtheshadav cachetypically
reduce®rrorby aboutl0 percenin shadevedregions,asshavnin

Figure6.

The value of A;(p) is a purely geometricquantity and hence
could be baked into the scenegeometryasa preproces®r reused
betweerrenderdf thegeometrydoesnotchange.

While it may seemthatthe shadev cacheresultsin a biasedal-
gorithm,thisis notthecase.In fact,thetechniquepresentedhereis
truly unbiasedThe proofis asfollows.

The standardmportancesamplingestimatoris unbiasedf two
conditionson theimportancefunctionaremet: (1) theimportance
functionis non-zeravheneertheintegrandis non-zeroand(2) the
samplesreall dravn with respecto thesameamportanceunction.
Condition (1) is metbecause shadev cachevaluesof 0 is never
usedasdescribedabore. Condition (2) is metby design. In the
initialization stagebeforeevaluatingthe integral for a given pixel,
the algorithmreadsthe valuesin the shadev cachefor the current
pixel andusesthesevaluesto build theimportancefunctionH. In
the courseof evaluatingtheintegral, the renderercastraysinto the
scendo testocclusion.Theresultsof theserayscastsarestoredin
the shadav cache.However, the adjustmentsnadeto the shadav
cachedo not feedbackinto the currentintegral evaluation,but are
only usedin subsequengvaluationsof re ectedradianceat nearby
pixels. Thereforeeachindividual evaluationof re ected radiance
perpixelis unbiasedTheshadev cachemerelyacceleratedonver
genceof the Monte Carlo estimator but doesnot otherwiseaffect
theresult.

4.4 Choosing a good triangulation

As statedin Equation5, the varianceof anestimatoiis theintegral
of theratio of thesquaredesidualto theimportancdunction. Thus
therewill behigh variancewhentheresidualis high relative to the
estimatedmportance. In general,this meansthe varianceof our
estimatowill behighwhenL(w)(w n)Vp(w) variesalot overthe
areaof a particulartriangle. Becausewv n andVp(w) dependon
n and p, thereis no way to take theminto accountwhendevising
the x ed tessellationof the sphere. Instead,the bestwe cando
reducetheresidualerroris to minimize the variationof L(w) over
eachtriangleby more nely tessellatingegionsof thespheravhere
L(w) is varyingthe most.

We usea greedyalgorithmto generatedaptve triangulationsof
the sphere. We begin with anicosahedronwhich has20 triangles,
and subdvide a minimum numberof times (a minimum level of
threeworkswell). All trianglesareplacedin a heapsortedin de-
creasingorderby the varianceof the ervironmentmapL(w) over



Figure 8: Plot of L2 error of renderinga sceneunderthe grace
environmentasa functionof M.

theregion of thattriangle.GivenatrianglebudgetM, we iteratively
remove the rst trianglefrom theheap(whichwill have thelargest
variance)andtestif its subdvision level is belov a userthreshold.
If so,we subdvide it once,andplacethe four new child triangles
backon the heap. The processhaltswhenthereareM total trian-
gles. The resultsof this algorithm for the graceand video store
ervironmentsareshavn in Figure?.

As futurework, we wouldlik e to derive optimalupperandlower
boundsonthetesselationevel of theicosahedromasednthesur
faceBRDF andthevariancein theernvironmentmap.

M is a quality setting, and we can afford to setit quite high
withoutadwerselyaffectingrenderingimes. Theperhemispherical
samplecostif O(log(M)), which is the costof the Idx function.
The perpixel costif O(M), but asthe numberof ray samplesn-
creasesthis costis quickly overtalen by the costof ray casting.
We performedan experimentwherewe renderedhe scenen Fig-
urel at10,000sampleperpixel asour baseline We thenrendered
the scenewith differentvaluesof M at 165 samplesper pixel, and
computedhel 2 distancebetweertherenderedmageandthebase-
line image. The plot of this erroris shavn in Figure8. Theerror
decreasesigni cantly up until about2200,thenlevels off around
M = 3500, althoughit continuesdecreasingslightly. For all the
rendersn thepaperandin thevideo,we setM at 5000.

5 Results and Comparisons

Theimagesin Figure9 comparethe new samplingschemeagainst
cosine-weightedQMC integration. The video ervironment(Fig-
ure 9(a)) was capturedon a live-actionset. The outdoorerviron-
ment(Figure9(b)) wascapturedn directsunlightwhichis dif cult
to samplebecausehe sundominatesyet subtends smallsolid an-
gle. Theof ce environment(Figure9(c)) wascapturedn anof ce
andhasno naturallight.

We renderedhe armadillomodelin thesethreeervironmentsat
a samplingratesothata smallamountof noiseis still visible. The
video storeervironmentis the hardesto samplebecausehereare
two very brightandsmalllights thatdominatethe scene Our sam-
pling schemeeffectively revealshardshadaevs from the key lights
andsoft shadevs from the uorescents(Figure9(d)), while cosine-
weightedsamplingfails completely(Figure9(g)). Theresultsfrom
the outdoorervironmentaresimilar (Figures9(e)and(f)).

We renderedhe video and outdoorscenesat 4000 sampleger
pixel with cosine-weightedampling,andtherendersverestill ex-
tremelynoisy In thesecasespursamplingschemes atleastl5and
20 times more ef cient, respectrely. For the of ce environment,
cosine-weightedamplingmatcheghe noiselevel of Figure9(f) at
1200 samplesper pixel, indicating our schemeis 10 times more
efcient in this case.

In general,the greaterthe dynamicrangein the ervironment
map, the more environment-basedmportancesamplingout per
forms cosine-weightedampling,in somecasesby well over an
orderof magnitude.

6 Alternate Techniques

In the courseof developingthis algorithm,we comparedt against
severalotherpossibilities.

6.1 Defensive Importance Sampling

We originally implementeda moresophisticatedechniqueHester
bey's defensie importancesampling[Hesterbeg 1995]. As the
importancefunction, we useda mixture betweerthe ervironment-
basedmportance(H) anda uniform distribution. (For notations
salke, assumeH hasbeennormalizedto have unit integral over the
hemisphere.)n otherwords,take theimportanceunctionto be

Imp(w) = bH(w) + (1 b)%

whereb is the “defensie parameter'that mixesin a distribution

with a broadtail, in this casethe uniform distribution. A non-zero
valueof b will preventsamplegrom clusteringn brightareasonly.

Interestingly bestresultswereobtainedwith b = 0, i.e., no defen-
sivesampling.Figure10shavs graphof theL2 errorof the oating

sphereenderedinderthe graceervironmentasfunctionof b.

Figure10: TotalimageL 2 errorunderthe“grace” ervironmentasa
functionof b. Thetop graphis alineargraphin therange[0; 0:5],
thebottomis log-linearin therange[0; 0:1].

Our guesss that pureimportancesamplingworks bestbecause
occlusionof non-importantlightsourcesis not a major sourceof
noise. Even if the importancefunction doesnot matchthe inte-
grandin a dark region dueto occlusion,the importancefunction
will overestimataheintegrand whichis notnearlyasbadasunder
estimatingtheintegrand.As long asthe brightregionsaresampled
well, theestimatowill still have low variance.



(a) Videostoreervironment

(d) Environment-basedsampling, 256

samples. samples.

(g) Cosine-weighte@MC, 256 samples.

(b) Outsideervironment

(e) Environment-basedsampling, 200

(h) Cosine-weighte@MC, 200samples.

(c) Of ce ervironment

(f) Ervironment-basedampling,128sam-
ples.

(i) Cosine-weighte@MC, 128samples.

Figure9: Comparisorof the new samplingtechniqueagainstQMC cosineweightedsamplingunderdifferentlighting ervironments.

We believe that mixed importancesampling/controlvariates
schemeslongthelinesof [OwenandZhou2000]maywork better
thanpureimportancesampling but investigatingwhetherthisis so
remainsfuturework.

6.2 Pixel-based Importance Sampling

We implementech standardmportancesamplingestimatorwhere
the importancefunction is derived from a lower resolutionlumi-

nanceversionof the actualervionmentmap. Call this low-resim-

ageE[:;:] with dimensionw h, andassumet is a standardpolar
parameterizatiorwith thepositive Y-directioncorrespondingo the
toprow in E. Saywe areshadinga surfacepointwith normaln with

Lambertiarre ectance.Givenapixel (i; j) correspondingo direc-
tion w in theenvironmentmap,the probability of draving asample
from thatpixel shouldbe proportionatto

Prob(i; j)  H(i;j) = maxw mO)E[; jJArea(i; j)

whereAred(i; j) is the areasubtendedy the pixel, which is ap-
proximatecby 4p%" 1 wy=wh.

For eachpixel in E, computeH(i; j), andtake the sumover all
pixels, S= éi;j H(i; j). The probability of choosingpixel (i; j) is
equalto H(i; j)=S, andthevalueof theimportancep.d.f over pixel
(i;J)is2pH(i; j)=(Aredi; j) 9. Weuseachartsimilarto mto dis-
tribute samplesover the hemisphereaccordingto this importance
function. From thesebuilding blocks, it is straightforvard to im-
plementstandardmportancesamplingto estimatethere ectedra-
diance. This methodis O(wh) per pixel, and O(log(wh)) perray
sample.

Thetriangularbasedapproachin Section4 signi cantly outper
forms this pixel-basedapproachin termsof ef ciency and bias.
First of all, the pixel-basedmethodis biased. This is becauseve
areapproximatinghehemisphereenteredaroundn with theunion
of pixel regions,which will not matcha hemispherexactly. As a
result,ray sampleswill sometimese generatedn a directionthat
isin thelist of visible pixels,yet outsidethe visible hemisphereTo



generatanunbiasedestimatorwe would needto “clip” thepixel's
polygonalsupportto the hemispheresimilar to the triangle-based
schemeHowever, thisis muchmoreelegantto handlein thecaseof
trianglessinceclipping trianglesyields moretriangles,while clip-
ping 4-sidedpolygonsmayyield morecomplicatedshapes.

In termsof ef ciency, it is betterto usean adaptie tesselation
of the spherethana x ed grid suchasin a pixel-basedscheme.
Therunningtime of bothalgorithmsdependn the numberof sub-
divisions of the sphere M in the caseof triangles,or w hin the
caseof pixels. Becausédt is more ef cient to usean importance
functionthat matcheghe integrandwith fewer subdvisionsof the
spherethe adaptve schemeoutlinedin the paperis moreef cient
than pixel-sampling. One could usea multiresolutionrepresenta-
tion of theenvironmentmap,but thesphericatrianglescheméhan-
dlesmultiresolutionwith no extra compleity.

Figure11 shavs 4 images.All wererenderedvith 165samples
perpixel. Renderingimeswereall comparabléwithin 20 percent).
Theimagesvisuallydemonstratéhatanadaptve triangularsubdi-
sionof thesphereyieldssuperioresultsn thesamerenderingime.
Numericalresultsarelistedin Table6.2. TheL2 errorin thetableis
computedastheimagedistancefrom a “baseline”’renderat a very
high samplingrate. The datashaws thatin the caseof the comple
“video store” ervironment,the schemein the paperis muchmore
efcient thana naive pixel-basedapproach.The two schemesre
more evenly matchedfor the graceernvironment,althoughthe tri-
angleschemes still better The renderingtime measurementare
takenfrom anon-optimizedprototyperendereandshouldbetaken
assuggestie only.

7 Future Work

Therearea numberof areaswherethe samplingschemecould be
improved. As statedabove, thefunctionm doesnot presere strati-
cation structureof aninputpointset. A mappingthatdoesabetter
job of this could betterleverageadvantagesof QMC integration,
which couldfurtherdecreas¢he varianceof the estimator Higher
orderapproximationgo H might give betterresultsby matching
theintegrandH moreaccurately The dif culty with higherorder
functionson the sphereis thatit canbe quite dif cult usethemas
ap.d.f. from which to drav samples.Using the approactoutlined
in [Arvo 2001],it is very dif cult to derive a closed-formexpres-
sionfor amapfrom theunit squareo asphericatriangleaccording
to anon-constanp.d.f. A schemesuchasrejectionsamplingmight
work, but thatis generallynot compatiblewith strati ed sampling.

We believe thereis potentialfor greatlyimproving theef ciency
of this techniqueby moreclever exploitation of the shadev cache.
Here, we presentonly a simple version. More sophisticatecand
accurateshadev cachingtechniquesand more accurateways of
extractinginformationfrom them,could potentiallyyield a signi -
cantlymoreef cient estimatowhenocclusionis comple, suchas
for a nely displacement-mappetharacter

Also, in a probabilisticframewnork suchaspresentedere,it is
easyto take adwantageof approximateinformation aboutwhere
light is distributedto increaseefciency. For example,we could
incorporateinformationfrom a Photonmap (asin [Jensenl995]),
in orderto tracerayswherewe expectto nd eitherdirectorindirect
light. Also, it would be straightforvardto usea morecomple vis-
ibility function thataccountsfor transmissiorthroughtranslucent
media.
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(a) “Grace” ervironment, (b) “Grace” ervironment, (c) “Video store” environ- (d) “Video store” erviron-
pixel-basedsubdvision with triangle-based subdvision ment, pixel-basedsubdvision ment, triangle-basedsubdvi-
w= 200,h= 100. with 5000triangles. with w= 200,h= 100. sionwith 5000triangles.

Figure11: Comparisorof pixel-basedamplingversugriangle-basedampling.

Erv Map Resolution| Sphericaubdiisions | Rendettime | L2 Error, “grace” | L? Error, “video store”

100x 50 5,000 177sec 0.96255 1.744533

I 150x 75 11,250 283sec 0.80915 1.462526
180x 90 16,200 379sec 0.78055 1.290449

200x 100 20,000 449sec 0.62211 1.135643
5000Triangles 5,000 390sec 0.58214 0.367410

Table1: Comparisorof runningtime to imageerror underthe graceandvideo storeervironments,usinga naive pixel-basedscheme.The
bottomrow is thetriangle-basedchemeutlinedin the paper All imageswererenderedat 165sampleger pixel.

A Clipping Spherical Triangles

Givenasphericatriangle ABC de ned by verticesA, B, andC, and
ahemisphereenteredboutn, W, wewantto computevhetheithe
triangle overlapsthe hemisphereandif so, to describethe region
of overlap. First, we testif thedot productof eachvertex with nis
positive or negative. Lett bethe numberof verticeswith positve
dotproduct.

If t = 0, thetriangleis fully outsidethehemisphere.

If t = 3, thetriangleis fully insidethe hemisphere.

If t = 2, thenthetriangle partially overlapsandthe intersection
of ABC with W, can be describedas the union of two spherical
triangles. Let A be the vertex thatsuchthatA n< 0. Let D be
thepointwherethegreatarcthatboundsw, intersectghegreatarc
sggmentAB, D = TWih\ AB. ThisiscomputecasD= n (A B),
wherethe signis chosersothatD lies betweerA andB. Similarly
let E= fW,h\ AC. Thenthetwo resultingtrianglesare BCD and
CED.

If t = 1, thenthetrianglepartially overlapsW, andtheintersec-
tion of ABC with W, is a single sphericaltriangle. Let A be the
vertex suchthatA n> 0. De ne D andE asabove. Theresulting
triangleis ADE.



