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Abstract
Fluid simulationsare notoriouslydif�cult to predictandcontrol. Asa result,authoring�uid �ows ofteninvolves
a tedioustrial anderror process.There is to dateno convenientwayof editinga �uid after it hasbeensimulated.
In particular, theEulerianapproach to �uid simulationis not suitablefor �ow editingsinceit doesnot providea
convenientspatio-temporal parameterizationof thesimulated�ows. In this research, wedevelopa new technique
to learn such parameterization.This technique is basedon a new representation,the AdvectedRadial Basis
Function. It is a time-varyingkernel that modelsthelocal propertiesof the�uid. We describethis representation
anddemonstrateits usefor interactivethree-dimensional�ow editing.

1. Intr oduction

High-endvisual effects requirevisually compellingsimu-
lationsof naturalphenomena.While still an active areaof
research,currentcomputational�uid dynamicstechniques
producevisually realisticsimulationsof large scalenatural
phenomenasuchasexplosionsor oceanwavesin reasonable
computationtime.

The focus for physicalsimulationis shifting away from
computationaltechniquestowardseffective techniquesfor
authoring,controlling, and interactingwith the resultsof
simulations.Turbulent �o ws areparticularlydif�cult to un-
derstandandcontroldueto theirunpredictablenature.Small
changesin the initial conditionscandrasticallychangethe
resultinganimation.This restrictsthe designof �uid �o ws
to a tedioustrial anderrorprocess,whereanartist will run
a “wedge” of different simulationparameters,and choose
the onethat mostcloselymatcheswhat the artist intended.
To compoundthedif�culty , thereis little anartistcando to
altera �o w afterit hasbeencomputed.

Fluid �o w calculationsareusuallyperformedon a �x ed
Euleriangrid using�nite differencesor �nite volumetech-
niques.In anEulerianapproach,thevaluesof thesimulation
arestoredon a regular grid at �x ed momentsin time. The
advantageof this representationis that approximationsto
differentialquantitiessuchasgradientsanddivergenceare
easyto formulateand compute,which makes solving the

Navier-StokesEquationsstraightforward.Unfortunately, for
thepurposeof �uid editing,Eulerianrepresentationssuffer
from a lack of spatio-temporalrelationshipbetweencom-
ponentsof a �uid �o w. It is dif�cult to quantify how dif-
ferentpartsof the �o w relateto eachotherover time. This
propertyis critical for �uid editingsinceany modi�cation of
the �o w at a particulartime stepmustbe propagatedboth
forwardandbackward in time.TheLagrangianapproachto
�uid simulationdoesprovideaclearspatio-temporalparam-
eterizationby modelingexplicitly themotionof theparticles
in the�uid. Theseparticlesmovealongcharacteristiccurves
of theNavier-StokesEquationscalledpathlines.

Our goal is to combinethe advantagesof the Eulerian
andLagrangianrepresentationsto createa systemfor inter-
actively manipulating�uid �o ws. In this system,the �uid
canbemanipulatedasa deformableobject.Ourapproachis
to convert Euleriansimulationsinto Lagrangianrepresenta-
tionsby advectingparticlesin the �uid. Theseparticlesare
usedto reparameterizethe�uid. Thenew parameterizationis
basedonasetof radialbasisfunctionscenteredateachtime
steparoundtheparticles.We call this new �uid representa-
tion theAdvectedRadialBasisFunction(ARBF)model.The
powerof theARBF modelis to allow theeditingof the�uid
by interactingwith theparticles.As we changetheposition
of theparticles,wealsochangethe�uid they represent.Dur-
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ing theeditingprocess,spatialandtemporalconstraintsare
enforcedto maintainthecoherency of the�o w.

We limit our discussionto buoyancy-driven �o ws. They
includeexplosions,risingsmokestacks,steamjets,and�res.
Buoyancy-driven �o ws areof particularinterestfor the en-
tertainmentindustry and often occur in physicaldomains
thatareunboundedby solidwalls.

The contributions of this paperinclude: a formalism of
theARBF model,ef�cient algorithmsfor convertinga �uid
�o w betweenanEulerianandanARBF representation,and
aninteractive methodfor editing�uid �o ws.

The rest of the paperis organizedas follows. The fol-
lowing sectionpresentsan overview of relatedwork. Sec-
tion 3 describeshow we simulatebuoyancy-driven �o ws.
Section4 describesthe ARBF representationandprovides
ef�cient algorithmsfor convertingbetweenthestandardEu-
lerianandARBF representations.Section5 describesa sys-
temfor editingtheresultsof a �uid simulation.Finally, Sec-
tion 6 presentsresultsfrom our systemandSection7 con-
cludesourpaper.

2. RelatedWork

In computer graphics, buoyancy-driven �o ws are often
simulated using Eulerian (grid-based) methods. Pre-
vious work has focused on simulating �re [NFJ02],
large-scale explosions [RNGF03], compressible and
pseudo-compressibleexplosions[FOA03, YOH00],andhot
gases[FSJ01,FM97b, SF93].

Becauseof their chaoticandturbulent nature,�uid sim-
ulations are dif�cult to control and direct. There have
been a few researchefforts focussingon this issue.For
instance,[FM97a] describesa numberof practical inter-
action techniquesfor controlling �uid �o ws. [Gat94] de-
scribesan interactive systemwhereby combiningseveral
divergence-free�o w �elds, a usercan construct�uid-lik e
vector�elds. Thesystemof [Col02] allows interactive ma-
nipulationsof a �uid simulationby applyingforcesor set-
ting speci�c boundaryconditions.Morerecently, [TMPS03]
describesa novel systemwherea usercan directly spec-
ify “keyframe” density distributions, and multiple shoot-
ing algorithm solves for body forces that generatethese
keyframes.[FL04] and[MTPS04]follow uponthisresearch
byproposingnumericaltechniquesadaptedtomorecomplex
simulations.While thesetechniquesallows thespeci�cation
of constraintsbeforethe�uid issimulated,oursystemallows
themanipulationof the�uid after it hasbeensimulated.As
such,our methodis designedto postprocess�o ws.

Lagrangian(gridless)techniquesbasedonSmoothedPar-
ticle Hydrodynamics[Mon94] have alsobeenusedin com-
putergraphics[PTB� 03, MCG03,DG96].While promising
for a numberof applications,SPH techniquescannotyet
matchEulerian�nite-dif ferencetechniquesin termsof ef-
�ciency when the simulated�uid occupiesa large portion

of thesimulationspace.However, from a user-interfacede-
signpointof view, theexplicit representationsbetween�uid
particlesover timeis naturalto comprehendandmanipulate.
Recentwork by [IH02] and[PSE� 00], for example,provides
direct manipulationtechniquesfor controling Lagrangian
simulations.Therefore,we wish to combinethe computa-
tional ef�ciency of Euleriansimulationwith a Lagrangian
representationsuitablefor manipulation.The combination
of EulerianandLagrangianrepresentationhasbeenusedfor
quite sometime in the digital effect communitywhereEu-
lerian representationsresultingfrom simulationsareturned
into a largesetsof particlesfor thesake of rendering.

The Computational Fluid Dynamics community has
beenusing streamlines(steady�o ws) and pathlines(un-
steady�o ws) for visualizing�o ws.Flow visualizationtech-
niques can be divided into three groups of techniques:
feature based[PVH� 03], dense[LHD � 04], or geometric
techniques[LDPV02]. With featurebasedtechniques,the
�o w is abstractedusing a few featuresrelevant to the
researchersuch as vortices [JMT02,vWPSP96] or shock
waves[MRV96]. Densetechniquesrepresentthe�o w using
atexturecomputedfrom the�uid motion.For instance,Lin-
earintegral convolution [CL96] canbe usedto createsuch
texture.Closerto our research,thegeometrictechniquesuse
geometricobjectsas a basisfor �o w visualization.Exam-
plesincludestreamlines,streaklines,andpathlines[Lan94].
Of particularrelevanceis thework by Turk et al [TB96] re-
latedto streamlineplacementfor effective vizualization.In
our work, we aresimilarly interestedin choosingpathlines
accordingto somecriteria.Our goalhowever is not to visu-
alize�o ws but to learnacompactrepresentation.

Our approachstartedfrom the realizationthat the SPH
representationandradialbasisfunctionsarethesamemodel
usedin two different �elds: computational�uid dynamics
andmachinelearning.Radialbasisfunctionshave already
beenusedto solve complex computergraphicsproblems.
For instance,thetechniquehasprovedvery helpful in mod-
eling implicit surfacesfor applicationssuchasshapetrans-
formation[TO99]or surfacereconstruction[DTS02].

3. Eulerian Fluid Simulation

The Navier-Stokes Equationsthat govern incompressible
buoyancy-driven�uid �o ws in a homogeneousmediumare

¶u
¶t

+ (u � Ñ)u = nÑ2u � Ñp+ a(T � T0)y

� br y+ eh(N � w)

Ñ� u = 0
¶T
¶t

+ (u � Ñ)T = kÑ2T;

whereu is the �uid velocity �eld, p is thepressure�eld, n
is the kinematicviscosity, T is the temperature�eld, T0 is
thereferenceambienttemperature,a is a scalarcontrolling
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theamountof thermaladvection,y is theunit vectorpoint-
ing up ((0;1;0)), b is a scalarin�uencing gravity, andk is
thecoef�cient of thermaldiffusion.Thevalueecontrolsthe
amountof smallscaledetailsaddedto the�o w throughvor-
ticity con�nement.

For rendering,wealsoadvectascalardensity�eld r , that
representsdustor particlesin the�uid

¶r
¶t

+ (u � Ñ)r = 0: (1)

The set, f u;T; r g, is a completesolution to the Navier-
Stokes Equations.We solve theseequationson a uniform
grid usingthesemi-lagrangianmethodof [Sta99].

4. Lagrangian Model

In this section,we explain how we derive a Lagrangianrep-
resentationfrom anEulerian�uid simulation.In a nutshell,
we convert the voxel basedrepresentationinto a setof ra-
dial basisfunctionsfollowing selectedpathlinesin the�o w.
Thesetime-varyingkernelsprovidea functionalapproxima-
tion of the�o w thatis suitablefor �o w editing.

In what follows, we �rst presentour modelandthenex-
plainhow it canbe�tted to anEulerian�uid simulation.

4.1. Radial BasisFunctionsModel

Oncea �uid simulationhasbeencomputed,we convert it
into aLagrangianrepresentationasasetof pathlines.A path-
line is the spatialcurve tracedby a masslessparticle pas-
sively advectedby a �o w over time. The AdvectedRadial
BasisFunction (ARBF) representationconsistsof N parti-
cles that move along pathlinesof a �uid simulation.Each
particleis thecenterof a RadialBasisFunction(RBF),and
inducesa scalar�eld for temperatureanddensityin a local
areacenteredaboutthe particle.The total scalar�elds are
computedby summingover the contribution of eachparti-
cle.

Let ci(t) bethecenterof theith particleattimet. TheRBF
centeredat this particle,f i (t;x), is de�ned by

f i(t;x) = exp(�
kx � ci(t)k2

s i(t)2 );

wheres i(t) is thetime-dependentradiusof theparticle.We
chosea gaussiankernelfor its smoothness.Its disadvantage
is its computationalcost; it hasled researchers[DG96] to
usea splineapproximation.In ourexperience,by takingad-
vantageof theradialsymetryandlimiting thesupportof the
kernel,wecansampletheRBFapproximationin acubewith
anedgeof 50voxels in a tenthof a secondon a highperfor-
mancePC.This performanceis adequatefor thepurposeof
this research.

The RBF model approximatesthe densityand tempera-
ture�elds as

T̂(t;x) =
N

å
i= 1

Wi
T (t)f i (t;x) (2)

r̂ (t;x) =
N

å
i= 1

Wi
r (t)f i(t;x); (3)

whereN is thenumberof particlesandWi
T (t) andWi

r (t) are
scalarweights.ThustheARBF modelconsistsof a setof N
time-dependentparticles,f ci (t);s i(t);Wi

T (t);Wi
r (t)gN;T� 1

i= 1;t= 0.

In therestof this section,we explain how theARBF pa-
rametersareestimatedfrom anEulerian�o w.

4.2. Converting Eulerian to Lagrangian

Given a solution set to the Navier-Stokes Equations,
f u;T; r g, to �t theARBF modelto this solutionin theleast
squaressensewouldrequiresolvingthefollowing minimiza-
tion problem:

Argminf ci(t);s i(t);Wi
T (t);Wi

r (t)gN;L� 1
i= 1;t= 0

aå
t

 

å
j;k;l

�
T̂(t;x j;k;l ) � T(t;x j;k;l )

� 2

!

+

bå
t

 

å
j;k;l

�
r̂ (t;x j;k;l ) � r (t;x j;k;l )

� 2

!

;

wherex j;k;l is the set of grid points in the computational
domain,L thenumberof stepsin thesimulation,anda and
b arescalarweights.

This optimizationproblemis highly non-linear, and the
ARBF representationhasan enormousnumberof degrees
of freedom,making this minimization dif�cult. To further
complicatingmatters,the optimal numberof particlesN is
unknown, making this a combinatorialsearchproblemas
well. Ourapproachis to breakthisproblemintosmallerparts
correspondingto differentgroupsof variables.We solve se-
quentiallyfor thefollowing groupsof variables:

1. Particle trajectories,f ci(t)gi;t , and numberof particles,
N.

2. Particleradii, s i(t).
3. Weights,Wi

r (t) andWi
T (t).

The four imagesin Figure1 illustrate the ARBF �tting
algorithm.Figure1 (a) shows a visualizationof anEulerian
simulationatapoint in time.Figure1 (b) shows avisualiza-
tion of thepathlinesselectedby our algorithm.Figure1 (c)
shows avisualizationof theradii of theradialbasisfunction
at thesameframe.Finally, �gure 1 (d) shows avisualization
of thesampledARBF model.

The restof this sectionexplainsour �tting algorithm in
details,startingwith a procedurefor computingpathlines.
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(a) (b) (c) (d)

Figure 1: ARBF�tting: (a) �uid simulation,(b) pathlinesof advectedparticles,(c) radial basisfunctions�tted to the �uid' s
volume, and(d) visualizationaftersamplingtheARBFmodel.

4.3. Computing Pathlines

We have developedanalgorithmfor selectinga smallsetof
pathlinesthatbestrepresentsasimulated�o w. Thisalgoritm
is designedwith two goalsin mind.First, thepositionof the
particlesmustcapturethevolumeof the �uid thathasnon-
zerodensityat all pointsin time. Second,we would like to
useas few particlesaspossibleto endup with a compact
representation.Our algorithm is basedon a datastructure,
calledthe OccupancyMap, that keepstrack of the particle
densityatall pointsin time.Weadaptively selectpathlinesas
longasthey improvethecoverageof the�o w or until auser-
speci�ed meanparticledensityis met. In what follows, we
�rst describehow we computepathlinesfrom the Eulerian
simulation.Wethendetailthepathlineselectionprocess.

Particle Advection. A pathlineis the trajectoryof a mass-
lessparticle in the �uid throughtime. Traditionnaly, path-
linesaregeneratedby integratingthevelocity �eld forward
in time [Lan94]. This methodrespectsthe de�nition of a
pathlinebut, in practice,it doesnot faithfully capturethe
motion of the simulated�uid. The issuecomesfrom the
discrepanciesbetweenthe physicalmodeldescribedby the
Navier-StokesEquationsandtheir actualimplementationin
thesimulator. Thesimulatorprovidesanapproximatesolu-
tion to theseequations.To advect theparticlesin a way that
is compatiblewith thesimulation,we computeat eachtime
stepthe three-dimensionaldisplacement�eld d that corre-
spondsto theadvectionstep.Givenaninitial position,x(0),
thepathlinecanbecomputedby integratingforwardin time

¶x(t)
¶t

= d(t;x(t)) : (4)

The displacement�eld is computedby seedingeachvoxel
with its positionin spaceandadvectingthesevaluesthrough
thesimulator. By substractingateachvoxel theresultingval-
uesfrom theseedvalues,we obtainour displacement�eld.

The Occupancy Map. In order to adaptively samplethe
�uid' s volumewith particles,we maintaina datastructure
thatindicatesthesampledensityaroundeachvoxel. Wecall

thisdatastructuretheOccupancyMap. It storesateachvoxel
andeachpoint in time thevolumeof thelargestaxisaligned
cubecenteredat this voxel that doesnot containany parti-
cles.Let uscall Oi; j;k(t) thevalueof theoccupancy mapat
voxel i; j ;k andtimet. Wede�ne the“score”of a particleas

Score(ci) =
L� 1

å
t= 0

OIdx(ci (t)) (t);

wherethe functionIdx mapsspatialcoordinatesontovoxel
indexes.This scorewill be high whenthe pathlinef ci (t)gt
passesthrougharegionof thedomainthathasnotbeencov-
eredby previouspathlines.After aparticleis traced,wecon-
servatively updatetheoccupancy map.At timet, we update
thecellsin theoccupancy mapthatarein a cubecenteredat
thepositionof theparticleandwhosevolumeis Oi; j;k(t).

With thisdatastructurein hand,we cannow describeour
adaptive pathlineselectionalgorithm.

Adaptive pathline selection. Thegoalof this algorithmis
to selectpathlinessequentiallysothateachpathlinehasthe
largest possiblescoregiven the previously selectedpath-
lines.It is agreedyalgorithm.Weselectpathlinesby choos-
ing a voxel andassigningit an initial position that is uni-
formly distributedwithin thevolumeof thevoxel. Only vox-
els that have a non-zerodensityat t = 0 are selected.To
evaluateif a particularvoxel hasa high probability of pro-
ducinga high-scoreparticle,we maintaintwo statistics:the
varianceof the particlescoresat eachvoxel and the mean
of all theparticlesscores.Theideais to thenchoosevoxels
thathave high variancebut to acceptpathlinesonly if their
scoreis greaterthanthe overall mean.Whena voxel is se-
lected,we evaluatethe scoreof a pathlinestartingfrom a
randomlocationwithin thevoxel. Whetherwe acceptor re-
jecttheparticle,weusethescoreto updatethestatistics.The
pseudo-codegivenin Algorithm 1 describesthis in detail.

Becausethe meanscoreis updatedon Line 6, even if
the candidatepathline is rejected,this algorithm will al-
waysconverge.Eventually, eitherthemeanwill decreasebe-
low threshon Line 13 andthe algorithmwill terminate,or
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Algorithm 1 Pathlineselection.
Input: thresh

1: repeat
2: Choosegrid cell i; j ;k with highestvari; j;k.
3: Chooserandompoint in cell i; j ;k.
4: Tracenew pathlinec(t) startingfrom this pointat t0.
5: ComputeScore(c).
6: if Score(c) > meanthen
7: Acceptpathlinec.
8: UpdateOi; j;k(t) for all grid cellsat all times.
9: else

10: Rejectpathlinec.
11: end if
12: Updatemeanandvari; j;k.
13: until mean< thresh

the meanwill decreaseenoughthat a new pathline's score
will be accepted.In this way, the algorithm will selectas
many pathlinesasnecessaryto cover thesimulationdomain
with the given quality level indicatedby the userparame-
ter thresh. In our experiments,we usea thresholdequalto
27� L. Thiscorrespondsto adensityof oneparticlefor each
cubeof length3.

Sincethe meanandvariancesof the dataarenot known
at the beginning, we bootstrapthe algorithm by tracing a
few particlesin eachvoxel (10 in our experiments)without
keepingtheir pathlines.

4.4. Radiusand WeightsEstimation

Oncea setof pathlineshasbeenselected,the setof radii,
f s i (t)gi , for all particlesat timet, is estimatedbasedon the
distancefrom eachparticlesto its neighboringparticlesat
eachtime step.For eachparticle,we computethe distance
to its closestneightbor, and we then assignto the particle
a radiusproportionalto this distance.In our experiments,
we found that multiplying this distanceby a factor in the
range[1:5;2] yieldsgoodresults.A variantof thisalgorithm
is to clamptheradiusof theparticlesthatarenearthe�uid' s
boundariesto avoid poor RBF reconstructionat thebound-
aries.This is particularlyimportantif asmallnumberof par-
ticlesis used.

At eachtimestep,we now have a setof radialbasisfunc-
tionsde�ned by their centersandradii. To completetheap-
proximationde�ned by Equations2 and3, we needto esti-
matethe weightsWi

r (t) andWi
T (t). It is straightforward to

estimatethesevaluesateachtimestepby solving

Argminf Wi
r (t)gN

i= 1 å
j;k;l

�
r̂ (t;x j;k;l ) � r (t;x j;k;l )

� 2

+ µå
i

Wi
r (t)2

with Wi
r (t) � 0

and

Argminf Wi
T (t)gN

i= 1 å
j;k;l

�
T̂(t;x j;k;l ) � T(t;x j;k;l )

� 2

+ µå
i

Wi
T (t)2

with Wi
T (t) � 0;

whereµ is a regularizationparameterset to :1 in our ex-
periments.This parametercouldbeestimatedautomatically
usinga criteriasuchasgeneralizedcrossvalivation[Orr99].
We requirethe weightsto be positive sincethey areasso-
ciatedwith positive physicalquantitiesin our system(see
Section5).Theseminimizationproblemsfall in thecategory
of quadraticprogrammingproblems.Notethatthesesystems
arequitesparsebecauseeachkernelhasasmallsupport.Our
solver is basedona sparseinteriorpoint method[NW99].

Figure2 illustratesthe quality of the �t. More examples
areprovidedin thevideo.Someof thediscrepanciesvisible
in theexamplesaredueto therandomperturbationsusedto
texture the �uids. Section6 providesa quantitative evalua-
tion of the�tting error.

5. Interacti ve Pathline Editing

TheARBF representationprovidesa framework thatmakes
interactive �o w editingpossible.Themainideais to usethe
particlesasa setof handlesthroughwhich the �o w canbe
manipulatedasa deformableobject.We considerthesetof
pathlinesasa pliableobjectthatcanbebentby moving par-
ticles.Bendingthepathlinesallows thesmoothpropagation
in time of editing operations.To maintaincontinuity in the
�o w, weenforcetwo typesof constraints.The�rst typetries
to keepthe setof particlescoherentat a speci�c time step;
thesearespatialconstraints.The secondtype aretemporal
constraints:a modi�cation at a speci�c point in time needs
to bepropagatedbothforwardandbackwardin time.Ween-
forcespatialconstraintsby usinga SmoothParticleHydro-
dynamic(SPH)system.This systemoperatesby identifying
the RBF kernelsin the ARBF modelasSPHparticles.We
enforceweaktemporalconstraintsby propagatingsmoothly
in time changesin theparticlespositions.This propagation
is performedusinghierarchicalB-Splineinterpolation.Each
editingoperationincludes4 steps:

1. Selectionof a groupof particles,G.
2. Displacementof G.
3. Spatialconstraintenforcementthroughan SPHsimula-

tion.
4. TemporalpropagationthroughB-Splineinterpolation.

Steps1 and2 areperformedby theanimator;steps3 and4
areautomaticallyhandledby thesystem.

Our editing algorithm is relatedto the hierarchicalfull-
bodymotionalgorithmsystemproposedby [LS99]. Thedif-
ferenceis,whereLeeetal alternatespatialandtemporalcon-
straintenforcements(or, using the terminologyof [LS99],
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Figure 2: Comparisonbetweendata and model.Rows1 and3 showtwo raytracedsimulated�uids. Rows2 and4 showthe
respectivesampledARBFmodels.

intraframeand interframeconstraints),our algorithm en-
forcesthe constraintssequentially. This choicestemsfrom
fundamentaldifferencesbetweenthe SPHsystem,usedto
enforce�o w constraints,andtheinversekinematicssystem,
usedto enforcebodyconstraints.First, theSPHsimulatoris
signi�cantly slower than the fast inversekinematicsystem
usedin [LS99]. IteratingtheSPHsystemyieldspoorperfor-
mances.Second,thechangesin the �uid introducedby the
SPHsimulationis lessintuitive thantheonesintroducedby
the IK system.In particular, runningan SPHsimulationat
a time stepthat is not theonecurrentlydisplayedlimits the
control that theanimatorhasover theedited�uid. The rest
of thissectiongivesmoredetailson theSPHsystemandthe
B-Splineinterpolationscheme.

5.1. SmoothParticles Hydr odynamics

We usean SPHsimulatorto enforcespatialconstraints.In
SPH,particledensityr isaquantitythatdescribeshow many
particlesoccupy aregionof space.Incompressible�uids are
dif�cult to simulatewithin an SPH framework since they
give riseto very stiff systems.However, we do not useSPH
to simulatethe�uid but ratherto createa systemthat reacts
to perturbationsof theparticles.To do this, we identify the
dustdensityr asthedensityof a compressible�uid. When
thepositionsof theparticlesarechanged,thechangein den-
sity createsa pressuredifferential that setsthe particlesin
motion. The ARBF representationtranslatesinto the SPH
framework by usingc asthecenter, s astheradius,Wi

r (t) as
themass,andf asthekernel.Particledensity, a scalar�eld
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denotedr (x), is thende�ned as

r (x) =
N

å
i= 1

Wi
r (t)f i(t;x):

This equationis thesameastheRBF modelapproximating
the density�eld asdescribedin Equation2. We assimilate
a machinelearningconcept,radialbasisfunctions,to a �uid
dynamicsrepresentation,smoothhydrodynamicsparticles.
Notethatthevariablet representingtimein theoriginalsim-
ulation is constantduring the SPHsimulationssincethese
areusedto enforcespatialconstraints.We will uset to rep-
resenttime in theSPHformulation.t representsa �ctitious
time andallows the integrationof the SPHequationsfor a
�x edvalueof t. We now give theequationof motionfor the
SPHframework. Theaccelerationof theparticlesfollow the
pressuregradient:

¶2ci(t )
¶t2 =

� ÑPi(t )
r i (t )

= �
N

å
j= 1

Wi
r (t)

 
Pi

r 2
i

+
Pj

r 2
j

!

Ñf i(c j (t )) (5)

and�uid pressureis de�ned via anEquationof Stateas

P(t ;x) = r (t ;x)

 �
r (t ;x)
r 0(x)

� A

� 1

!

;

wherer 0 is areferencedensity, andA is anexponentchosen
to make the systemmoreor lessstiff (we useA = 7). For
notationalconvenience,we de�ne Pi = P(t ;ci(t )) andr i =
r (t ;ci(t )) . This formulationis dueto [Mon94].

We evaluater (t ;x) by resamplingthe SPHformulation
usingthenew positionof theparticlesf ci(t )gi :

r (t ;x) =
N

å
i= 1

Wi
r (t)f i(t ;x):

NotethatW(t) i
r (t) is nota functionof t .

If we integrateeachparticleforwardin �ctitious time us-
ing this acceleration,the particleswill eventually reachan
equlibriumwherethe particledensitymatchesthe distribu-
tion given by r 0. To aid convergence,we alsoaddto each
particle's accelerationa viscosityterm,� v¶(ci)=¶t . For the
implementationof the SPH system,we follow the recom-
mendationsof [Roy95].

The SPH systemis usedas follows. The original parti-
cle positionsat timet aregiven,f ci (t)gi . Someparticlesare
thenperturbedby theuserto new positions,ci(t 0). Wewant
to adjustall particlesto resatistfythecontinuityequationat
timet. This is accomplishedby settingr 0 basedontheorig-
inal positionsf ci(t)gi of all particles,andintegratethepar-
ticlesin �ctitious time usingEquation5.

5.2. Constraint PropagationThr oughHierar chical
B-Spline Inter polation

Given a set of positionalcontraintsf (p j
i ;t j )g, wherep j

i is
the new position of particle i at time t j , we would like to
propagatethis constraintbackward and forward in time to
temporaly�lter themodi�cationsof the�o w. This propaga-
tion is doneby �tting a smoothfunction,s(t), to thesparse
set of displacementsf (p j

i � ci (t j );t j )g, whereci(t j ) is the
originalpositionof theparticle.We solve this scattereddata
interpolationproblemusing hierarchicalB-Spline interpo-
lation. We have found this techniqueto be very effective
for smoothlyinterpolatinga setof constraintsthatarenon-
uniformly sampledin time. For theimplementationof hier-
archicalB-Splineinterpolation,wewereinspiredby [LS99].
In this framework, s is decomposedusing a sequenceof
functions,d0; : : : ;dn, modelingincreasinglevels of details,
suchthats is approximatedat level n by sn = d0 + : : : + dn.
sn is recursively derivedfrom sn� 1 usingtheconstraints

dn(ti ) = p j
i � ci(t j ) � sn� 1(t j ):

In otherwords,we estimatedn so that it interpolatesat the
constraintpoints the error madeby the approximationat
level n� 1. In our implementation,we usetherobust cubic
B-Spline�tting techniquedescribedin [LS99].

6. Results

Usingthealgorithmdescribedin thispaper, we�t theARBF
model to Euleriansimulations.The supportingvideo illus-
tratessomeof theseresultswhereastable1 givesaquantita-
tiveassessment.

To vizualize our results,we used two renderingalgo-
rithms.The�rst oneusesasetof hardwarerenderedparticles
(GL_POINTS primitives)whosesizeis proportionalto the
local density. For eachvoxel, we render20 particleswhose
locationsareuniformely jiterred within thevoxel. The sec-
ondoneis a modi�ed versionof thePOVray public domain
raytracer. Both renderersmaptemperaturesonto colorsus-
ing handpickedcolor maps.Thesecolor mapswheredeter-
minedby studyingimagesof explosions.We tried a black
bodyradiationframework but we weredisappointedby the
results.

The Euleriansimulationswere generatedusing a mod-
i�ed version of an implementationof Jos Stam's algo-
rithm [Sta03].We found that the amountof turbulencein
thesesimulationsstronglydependson two parameters:the
intial conditionsandthe scaleof the vorticity con�nement
force. To determinethe inital conditions,we usea fractal
functionfor temperature,velocities,anddensities.Theuser
speci�esmaximumvaluesfor all three�eld andtheextentof
the initial volume(cubeor sphere).The systemthenjitters
randomlythesevaluesat eachvoxel accordingto a simple
fractalpattern.

Table1 describesnumericallya few �tting experiments.
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Grid size Steps Particles Simulation(m) Advection(s) RBF (m) RMS-D RMS-T Compression

50� 80� 50 60 608 10.4 19.1 11.1 .026 2.65 285
50� 60� 50 60 428 7.4 9.2 4.5 .040 3.03 303
50� 80� 50 100 473 18.2 35.9 5.3 .023 1.86 366
50� 80� 50 100 473 18.6 23.9 3.8 .021 1.72 352
70� 80� 50 90 605 21.0 25.4 12.4 .025 1.90 401

Table 1: Fitting results.Timingsfor theARBF�tting algorithm is split into two stages:an advectionstage, correspondingto
theselectionandcalculationof thepathlines,f ci (t)g, andan RBFstage, correspondingto thecalculationsof theradial basis
functionparameters f s i(t);Wi

r (t);Wi
T (t)g. Theadvectiontimingsare givenin seconds;theRBFtimingsin minutes.

All experimentswereperformedon a 2.4GHz PC.We have
split the timings into an advection stage,correspondingto
theselectionof thepathlines,anda�tting stage,correspond-
ing to thecalculationof theRBF model.NotethatRBF cal-
culationstake much longer than the selectionof the path-
lines.This is not surprisingsinceadvectingandevaluatinga
particlecanbedoneextremelyquickly. However, solvingfor
the RBF weightsis time-consuming.Surprisingly, the bulk
of the computationis not spentby the quadraticprogram-
ming routine;ratherit is spentduringsetup. Settingup the
systemof equationsrequiresmany evaluationsof the basis
functions.Wethink a lot of theseevaluationsareactuallyre-
dundantandthatamorecarefulimplementationcouldspeed
up this stageconsiderably. Column 6 and 7 of the results
tabledisplaytherootmeansquare�tting errorfor theveloc-
ity andthe temperature�eld. To avoid amortizingtheerror
overemptyvoxels,wedid not includein thermssummation
voxelsthatwereemptybothin thesimulationandtherecon-
struction.Densitiesin the �uid arewithin the interval [0;1]
andthetemperaturesarewithin [293;4000]. Thereconstruc-
tion errorsarequite small in all the examples.Sincein all
5 experimentswe usethe samedensitythresholdto deter-
mine the numberof particles,the reconstructionerrorsare
alsoquitesimilar.

We also evaluate the compressionratio obtainedwith
the ARBF model.At a given point in time, in an Eurelian
representationeachvoxel is describedby 5 �oating points
(a 3D velocity, density, and temperature),whereasfor the
ARBF representationeachparticleiscrescribedby6 �oating
pointvalues(c(t), s(t),Wi

r (t), andWi
T (t)). Thecompression

amountsto factorsof several hundredsin mostcases.Even
thoughit is a lossycompression,it could be an interesting
way of storing �uid simulations.This is an applicationwe
intendto exploremorethoroughly.

Table2 provides timing resultsfor a few editing opera-
tions. We report timings for experimentson two different
�o ws.For eachset,we performededitingoperationsinvolv-
ing varyingnumbersof particles.Thesecondcolumnshows
how many particleswereselectedduring themanipulation.
Thetimingsareall in seconds.The3rdcolumngivestherun-
ning time of theSPHsimulator, the4th coverstheB-Spline

Total Edited SPH B-Spline Sampling Total
part. part.

700 700 0.00 0.97 0.14 1.11
700 166 1.33 0.83 0.14 2.30
700 5 1.01 0.50 0.14 1.65

346 700 0.00 0.66 0.72 1.38
346 70 0.22 0.53 0.72 1.47
346 9 0.18 0.45 0.72 1.35

Table 2: Editing results.This table showstimings during
editing operations. The timing has been split into three
stages.First,theSPHcalculations,thenthecomputationre-
latedto theHierarchical B-Splineinterpolation,and�nally
the resamplingof the ARBF to visualizethe new �ow. All
timing resultsare givenin seconds.

propagation,the5thcolumngivesthetime it took to resam-
ple the �uid, andthe lastonegivesthe total time. Whenall
particlesareselected,thereis no SPHcomputations.Also,
note that sincewe evaluateall kernels,the samplingtime
doesnot dependon how many particleswere selected.A
moreef�cient approachwould beto only updatethepartof
the�uid thathasbeenaffected.Thetotal computationstime
arebetween[1.11, 2.30] seconds.This causesa noticeable
delayduringediting but it doesnot hindersigni�cantly the
interactivity of theprocess.

The videopresentstwo editing sessions.In the �rst one,
the�uid is manipulatedinteractively andselectedregionsof
the �uids are moved around.In the secondone,we show
how thesametechniquecanbeusedto deforma�o w to take
into accounta newly introducedobstacle.We usea simple
procedureto bendthepathlinesaroundthesphere.For each
pathline,wecomputethepointthatcomesclosestto thecen-
ter of thesphere.If theRBF at this point intersectswith the
sphere,we move it outsideof the sphereso that the RBF
andthespherebecometangent.Wethenpropagatethesedis-
placementsusingthe techniquedescribedin Section5. The
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Figure3: Fluid �tted arounda sphere usingtheARBFmodel.

imagesequencein Figure3 shows a few framesof the�nal
�uid, wrappingaroundthesphereaftercolisionavoidance.

7. Conclusion

In this paper, we have presenteda novel way to look at �uid
simulations.The representationwe introducedis not com-
pletelynew sincebothEulerian�uid simulationandparticle
systemsarewell known to the computergraphicscommu-
nity. Our contribution lies elsewhere:by identifying a ma-
chinelearningalgorithm(radialbasisfunction)to a compu-
tational �uid mechanicstechnique(smoothedparticleshy-
drodynamics),we whereableto manipulateEulerian�o ws
in ways that would have beenvery dif�cult with a voxel-
basedstructure.We do not believe that the�o w editingtool
we presentedin this researchis the ultimate solution for
theinteractive manipulationsof �o ws.However, we think it
could�nd its wayin apaletteof toolssinceit addressessome
interestingissues.In particular, it is usefulto introducevery
quickly slight modi�cations in a �o w. The exampleof the
collision with a spherein thevideois particularlyrepresen-
tative.

Our approachis not without limitations.In particular, the
useof particlesintrinsically limits thegranularityof therep-
resentation.We �t a �nite numberof particlesto the �uid.
This numberdetermineshow much detailswe can model
within the �uid. It is particularly importantfor the editing
application:no editingoperationsin thecurrentsystemcan
affect the�uid ata scalesmallerthantheparticles.Oneway
of addressingthis issueis to usea multi-resolutionparticle
representationthatwouldadaptively split particlesto theres-
olution needed[DC99]. Also, we would like to �nd a more
physicalway of enforcinginterframeconstraints.Theinter-
polationof theconstraintsthroughhierarchicalB-Splinein-
terpolationis obliviousof thephysicsof �uid particles.One
possibility would be to usethe Bernoulli equationfor un-
steady�uids asa modelto relatethegeometryof a pathline
to theforcesactingon theparticle.

The resultsof large turbulent Eulerian�uid simulations
canrequirea lot of disk space.TheARBF couldbeusedto
compressthesesimulations.
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[PSE� 00] POPOVI Ć J., SEITZ S. M., ERDMANN M., POPOVI Ć
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