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Abstract

Fluid simulationsare notoriouslydif cult to predictand contmol. Asa result,authoring uid ows ofteninvolves
a tedioustrial anderror processThele is to dateno corvenientway of editinga uid afterit hasbeensimulated.
In particular, the Eulerianappmoad to uid simulationis not suitablefor ow editingsinceit doesnot provide a
corvenientspatio-tempaal parameterizatiorof the simulated ows. In thisreseach, we developa new technique
to learn sud parameterization.This techniqueis basedon a new representationthe Advected Radial Basis
Function It is a time-varyingkernelthat modelsthe local propertiesof the uid. We describethis representation
anddemonstateits usefor interactivethree-dimensionabw editing

1. Intr oduction

High-endvisual effects require visually compelling simu-
lations of naturalphenomenaWhile still an active areaof
researchcurrentcomputationaluid dynamicstechniques
producevisually realistic simulationsof large scalenatural
phenomenauchasexplosionsor ocearnwavesin reasonable
computatiortime.

The focusfor physicalsimulationis shifting awvay from
computationatechniquestowards effective techniquesfor
authoring, controlling, and interactingwith the results of
simulations.Turbulent o ws areparticularlydif cult to un-
derstandandcontroldueto theirunpredictableature Small
changesdn theinitial conditionscandrasticallychangethe
resultinganimation.This restrictsthe designof uid o ws
to atedioustrial anderror processwherean artistwill run
a “wedge” of different simulationparametersand choose
the onethat mostcloselymatchesvhatthe artistintended.
To compoundhe dif culty, thereis little anartistcando to
altera o w afterit hasbeencomputed.

Fluid o w calculationsare usually performedon a x ed
Euleriangrid using nite differencesor nite volumetech-
nigues.In anEulerianapproachthevaluesof thesimulation
are storedon a regular grid at x ed momentsin time. The
adwantageof this representatioris that approximationsto
differential quantitiessuchas gradientsand divergenceare
easyto formulate and compute,which makes solving the
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Navier-StokesEquationsstraightforvard. Unfortunately for
the purposeof uid editing, Eulerianrepresentationsuffer
from a lack of spatio-temporatelationshipbetweencom-
ponentsof a uid ow. It is dif cult to quantify how dif-
ferentpartsof the o w relateto eachotherover time. This
propertyis critical for uid editingsinceary modi cation of
the ow at a particulartime stepmustbe propagatedoth
forwardandbackwardin time. The Lagrangiarapproactto
uid simulationdoesprovide aclearspatio-temporgbaram-
eterizatiorby modelingexplicitly themotionof theparticles
in the uid. Theseparticlesmove alongcharacteristicurves
of the Navier-StolkesEquationscalledpathlines

Our goal is to combinethe adwvantagesof the Eulerian
andLagrangiarrepresentationto createa systemfor inter-
actively manipulating uid o ws. In this system,the uid
canbemanipulatedcasa deformableobject.Our approachis
to convert Euleriansimulationsinto Lagrangiarrepresenta-
tions by adwectingparticlesin the uid. Theseparticlesare
usedo reparameterizthe uid. Thenew parameterizatiois
basedn a setof radialbasisfunctionscenteredateachtime
steparoundthe particles.We call thisnew uid representa-
tiontheAdvectedradialBasisFunction(ARBF) model.The
power of the ARBF modelis to allow the editingof the uid
by interactingwith the particles.As we changethe position
of theparticleswe alsochangehe uid they representDur-
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ing the editing processspatialandtemporalconstraintsare
enforcedto maintainthe cohereng of the o w.

We limit our discussiornto buoyang/-driven o ws. They
includeexplosionsyisingsmole stackssteanjets,and res.
Buoyang/-driven o ws are of particularinterestfor the en-
tertainmentindustry and often occurin physicaldomains
thatareunboundedy solid walls.

The contrikutions of this paperinclude: a formalism of
the ARBF model,ef cient algorithmsfor convertinga uid
o w betweeran Eulerianandan ARBF representatiorgand
aninteractve methodfor editing uid o ws.

The rest of the paperis organizedas follows. The fol-
lowing sectionpresentsan overviewv of relatedwork. Sec-
tion 3 describeshow we simulatebuoyang/-driven o ws.
Section4 describeghe ARBF representatiomnd provides
ef cient algorithmsfor corverting betweerthe standardsu-
lerianandARBF representations$Section5 describes sys-
temfor editingtheresultsof a uid simulation.Finally, Sec-
tion 6 presentgesultsfrom our systemand Section7 con-
cludesour paper

2. RelatedWork

In computer graphics, buoyang/-driven ows are often
simulated using Eulerian (grid-based) methods. Pre-
vious work has focused on simulating re [NFJOZ2],
large-scale explosions [RNGF03] compressible and
pseudo-compressibkxplosions[FOA03, YOHO0O0],andhot
gase§FSJ01,FM97b SF93.

Becauseof their chaoticandturbulent nature, uid sim-
ulations are dif cult to control and direct. There have
beena few researchefforts focussingon this issue. For
instance,[FM97a] describesa nhumber of practical inter-
action techniquesfor controlling uid o ws. [Gat94 de-
scribesan interactve systemwhereby combining several
divegence-freeow elds, a usercan construct uid-lik e
vector elds. The systemof [Col02] allows interactve ma-
nipulationsof a uid simulationby applyingforcesor set-
ting speci ¢ boundaryconditions Morerecently [TMPSO03
describesa novel systemwhere a usercan directly spec-
ify “keyframe” density distributions, and multiple shoot-
ing algorithm solves for body forces that generatethese
keyframes [FLO4] and[MTPS04]follow up onthisresearch
by proposingnumericakechniquesidaptedo morecomplex
simulations While thesetechniquesllows the speci cation
of constraintdeforethe uid is simulatedpursystemallows
the manipulationof the uid afterit hasbeensimulated As
such,our methodis designedo postprocess ws.

Lagrangian(gridless)techniquedasedn Smoothedar-
ticle HydrodynamicdMon94] have alsobeenusedin com-
putergraphics[PTB 03, MCGO03,DG96]. While promising
for a numberof applications,SPH techniquescannotyet
match Eulerian nite-dif ferencetechniquedn termsof ef-
ciency whenthe simulated uid occupiesa large portion

of the simulationspace However, from a userinterfacede-
signpointof view, theexplicit representationsetweenuid
particlesovertimeis naturalto comprehen@ndmanipulate.
Recenwork by [IH02] and[PSE 00], for example provides
direct manipulationtechniquesfor controling Lagrangian
simulations.Therefore,we wish to combinethe computa-
tional ef ciency of Euleriansimulationwith a Lagrangian
representatiorsuitablefor manipulation.The combination
of EulerianandLagrangiarrepresentatiohasbeenusedfor
quite sometime in the digital effect communitywhereEu-
lerian representationeesultingfrom simulationsareturned
into alarge setsof particlesfor the sale of rendering.

The Computational Fluid Dynamics community has
beenusing streamlines(steady o ws) and pathlines(un-
steady o ws) for visualizing o ws. Flow visualizationtech-
niques can be divided into three groups of techniques:
feature based[PVH 03], dense[LHD 04], or geometric
techniqueqdLDPVO02]. With featurebasedtechniquesthe
ow is abstractedusing a few featuresrelevant to the
researchesuch as vortices [JMT02,vWPSP9% or shock
waves[MRV96]. Densetechniquesepresenthe o w using
atexturecomputedrom the uid motion.Forinstancelin-
earintegral corvolution [CL96] canbe usedto createsuch
texture.Closerto ourresearchthegeometridechniquesise
geometricobjectsas a basisfor ow visualization.Exam-
plesincludestreamlinesstreaklinesandpathlinegLan94.
Of particularrelevanceis thework by Turk etal [TB96] re-
latedto streamlineplacemenfor effective vizualization.In
our work, we aresimilarly interestedn choosingpathlines
accordingto somecriteria. Our goalhowever is not to visu-
alize o wshut to learna compactrepresentation.

Our approachstartedfrom the realizationthat the SPH
representatioandradialbasisfunctionsarethe samemodel
usedin two different elds: computationaluid dynamics
and machinelearning.Radial basisfunctionshave already
beenusedto solve complex computergraphicsproblems.
For instancethetechniquehasproved very helpful in mod-
eling implicit surfacesfor applicationssuchasshapetrans-
formation[TO99] or surfacereconstructiofDTS02].

3. Eulerian Fluid Simulation

The Navier-Stokes Equationsthat govern incompressible
buoyang/-driven uid o wsin ahomogeneoumediumare

1111—[:+(u N)u = nN2u Rp+a(T Toy
bry+ eh(N w)
Nu=0
r

NT = LR2T
e +(u N)T = KN-°T;

whereu is the uid velocity eld, p is thepressureeld, n
is the kinematicviscosity T is the temperatureeld, Ty is
thereferenceambienttemperaturea is a scalarcontrolling
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the amountof thermaladwection,y is the unit vectorpoint-
ing up ((0;1;0)), b is a scalarin uencing gravity, andk is
the coefcient of thermaldiffusion. Thevaluee controlsthe
amountof smallscaledetailsaddedo the o w throughvor-
ticity con nement.

For renderingwe alsoadwectascalardensity eld r, that
representslustor particlesin the uid
qr -
—+(u N)r=0: 1
ASCRY) (2)
The set, fu;T;rg, is a completesolution to the Navier-
Stoles Equations.We solve theseequationson a uniform
grid usingthe semi-lagrangiamethodof [Sta99.

4. Lagrangian Model

In this section,we explain how we derive a Lagrangiarrep-
resentatiorfrom an Eulerian uid simulation.In a nutshell,
we cornvert the voxel basedrepresentatiointo a setof ra-

dial basisfunctionsfollowing selectedbathlinesin the o w.

Thesdime-varyingkernelsprovide afunctionalapproxima-
tion of the o w thatis suitablefor o w editing.

In whatfollows, we rst presentur modelandthenex-
plainhow it canbe tted to anEulerian uid simulation.

4.1. Radial BasisFunctions Model

Oncea uid simulationhasbeencomputed.we convert it
into aLagrangiarrepresentatioasasetof pathlinesA path-
line is the spatial curve tracedby a masslesgatrticle pas-
sively adwectedby a ow over time. The AdvectedRadial
BasisFunction (ARBF) representatiomonsistsof N parti-
clesthat move along pathlinesof a uid simulation.Each
particleis the centerof a RadialBasisFunction(RBF), and
inducesa scalar eld for temperaturenddensityin alocal
areacenteredaboutthe particle. The total scalar elds are
computedby summingover the contritution of eachparti-
cle.

Letci(t) bethecenterof theit" particleattimet. TheRBF
centeredat this particle,f j(t; x), is de ned by

kx  ci(t)k?
si(t)?

wheres;(t) is thetime-dependemadiusof the particle.We
chosea gaussiarkernelfor its smoothnesdts disadwantage
is its computationakost;it hasled researcher§DG96] to
usea splineapproximationin our experienceby takingad-
vantageof theradialsymetryandlimiting the supportof the
kernel,we cansamplehe RBF approximatiorin acubewith
anedgeof 50 voxelsin atenthof a secondn a high perfor
mancePC. This performances adequatdor the purposeof
thisresearch.

fi(t;x) = exp( )

The RBF model approximateghe densityand tempera-
ture elds as
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N

T3 = & WO @
N

F(tx) = & W OFi(t:x); 3)

i=1

whereN is the numberof particlesandWi-(t) andw (t) are
scalarweights.Thusthe ARBF modelconsistof asetof N
time-dependenparticles f ci(t); si(t); W4 (t); W (t)gi’\ﬂ.tzlo.
In the restof this section,we explain how the ARBF pa-
rametersareestimatedrom anEulerian o w.

4.2. Converting Eulerian to Lagrangian

Given a solution set to the Navier-Stokes Equations,
fu;T;rg, to t the ARBF modelto this solutionin theleast
squaresenseavouldrequiresolvingthefollowing minimiza-
tion problem:

ATIMIN 6 )5, (0 O M OGS, |
- 2
ad A Txjk) TEXjw) © +
t gkl
!
a f(tXjx) r(t;Xj;k;l)2 ;
t gkl

whereXj; is the setof grid pointsin the computational
domain,L the numberof stepsin the simulation,anda and
b arescalanweights.

This optimizationproblemis highly non-lineay andthe
ARBEF representatiotnasan enormousnumberof degrees
of freedom,making this minimization dif cult. To further
complicatingmatters,the optimal numberof particlesN is
unknavn, making this a combinatorialsearchproblem as
well. Ourapproacthis to breakthis probleminto smallerparts
correspondingo differentgroupsof variables We solve se-
quentiallyfor thefollowing groupsof variables:

1. Particle trajectoriesf ¢i(t)gi:t, and numberof particles,
N.

2. Particleradii, si(t).

3. Weights W/ (t) andW (t).

The four imagesin Figure 1 illustrate the ARBF tting
algorithm.Figure1 (a) shavs a visualizationof an Eulerian
simulationatapointin time. Figurel (b) shavs avisualiza-
tion of the pathlinesselectedby our algorithm.Figurel (c)
shaws avisualizationof theradii of theradialbasisfunction
atthesameframe.Finally, gure 1 (d) shavsavisualization
of thesampledARBF model.

The restof this sectionexplainsour tting algorithmin
details,startingwith a procedurdor computingpathlines.
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(b)

© (d)

Figure 1: ARBF tting: (a) uid simulation,(b) pathlinesof advectedparticles,(c) radial basisfunctions tted to the uid' s

volume and (d) visualizationafter samplingthe ARBFmodel.

4.3. Computing Pathlines

We have developedanalgorithmfor selectinga small setof
pathlineghatbestrepresenta simulated o w. Thisalgoritm
is designedvith two goalsin mind. First, the positionof the
particlesmustcapturethe volumeof the uid thathasnon-
zerodensityat all pointsin time. Secondwe would like to
useasfew particlesas possibleto end up with a compact
representationOur algorithmis basedon a datastructure,
calledthe OccupancyMap, thatkeepstrack of the particle
densityatall pointsin time.We adaptvely selectpathlinesas
long asthey improve thecoverageof the o w or until auser
speci ed meanparticledensityis met. In what follows, we
rst describehow we computepathlinesfrom the Eulerian
simulation.We thendetailthe pathlineselectionprocess.

Particle Advection. A pathlineis thetrajectoryof a mass-
lessparticlein the uid throughtime. Traditionnaly path-
linesaregeneratedy integratingthe velocity eld forward
in time [Lan94]. This methodrespectsthe de nition of a
pathlinebut, in practice,it doesnot faithfully capturethe
motion of the simulated uid. The issuecomesfrom the
discrepanciebetweerthe physicalmodeldescribedy the
Navier-StokesEquationsandtheir actualimplementatiorin

the simulator The simulatorprovides an approximatesolu-
tion to theseequationsTo adwectthe particlesin away that
is compatiblewith the simulation,we computeat eachtime
stepthe three-dimensionadlisplacementeld d that corre-
sponddo theadwectionstep.Givenaninitial position,x(0),

the pathlinecanbe computedoy integratingforwardin time

X)) _ ey
T d(t; x(t)): 4

The displacementeld is computedby seedingeachvoxel

with its positionin spaceandadwectingthesevaluesthrough
thesimulator By substractingiteachvoxel theresultingval-

uesfrom the seedvalueswe obtainour displacementeld.

The Occupancy Map. In order to adaptvely samplethe
uid' s volume with particles,we maintaina datastructure
thatindicatesthe sampledensityaroundeachvoxel. We call

thisdatastructureheOccupancyap. It storesateachvoxel
andeachpointin time thevolumeof the largestaxisaligned
cubecenteredat this voxel thatdoesnot containary parti-
cles.Let uscall O;;j(t) the valueof the occupang mapat
voxeli; j;k andtimet. We de ne the“score” of a particleas

L1
Score(ci) = & Oyaxc (ty (1)
t=0

wherethe function | dx mapsspatialcoordinatento voxel

indexes. This scorewill be high whenthe pathlinef ¢;(t)g;

passeshrougha region of thedomainthathasnotbeencov-

eredby previouspathlines After aparticleis tracedwe con-
senatively updatethe occupang map.At timet, we update
thecellsin the occupang mapthatarein a cubecenterecdat
thepositionof the particleandwhosevolumeis O;; j:k(t).

With this datastructurein hand,we cannow describeour
adaptve pathlineselectioralgorithm.

Adaptive pathline selection. The goal of this algorithmis
to selectpathlinessequentiallyso thateachpathlinehasthe
largest possiblescore given the previously selectedpath-
lines.lt is agreedyalgorithm.We selectpathlinesby choos-
ing a voxel and assigningit an initial positionthatis uni-
formly distributedwithin thevolumeof thevoxel. Only vox-
els that have a non-zerodensityatt = 0 are selected.To
evaluateif a particularvoxel hasa high probability of pro-
ducinga high-scoreparticle,we maintaintwo statisticsthe
varianceof the particle scoresat eachvoxel andthe mean
of all the particlesscoresTheideais to thenchoosevoxels
that have high variancebut to acceptpathlinesonly if their
scoreis greaterthanthe overall mean.Whena voxel is se-
lected,we evaluatethe scoreof a pathlinestartingfrom a
randomlocationwithin the voxel. Whetherwe acceptor re-
jecttheparticle,we usethescoreto updatethe statisticsThe
pseudo-codgivenin Algorithm 1 describeghisin detail.

Becausethe meanscoreis updatedon Line 6, even if
the candidatepathline is rejected,this algorithm will al-
wayscorverge.Eventually eitherthemeanwill decreasée-
low threshon Line 13 andthe algorithmwill terminate,or
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Algorithm 1 Pathlineselection.
Input: thresh
1: repeat
2:  Choosegrid celli; j; k with highestvar;j.x.
Chooseandompointin celli; j; k.
Tracenew pathlinec(t) startingfrom this pointatto.
ComputeScore(c).
if Score(c) > meanthen
Acceptpathlinec.
UpdateQ;. j(t) for all grid cellsatall times.
else
10: Rejectpathlinec.
11:  endif
12:  Updatemeanandvar;.
13: until mean< thresh

the meanwill decreasenoughthata new pathlines score
will be acceptedln this way, the algorithmwill selectas
mary pathlinesasnecessaryo cover the simulationdomain
with the given quality level indicatedby the userparame-
ter thresh In our experimentswe usea thresholdequalto

27 L. Thiscorrespondso adensityof oneparticlefor each
cubeof length3.

Sincethe meanand variancesf the dataare not knovn
at the baginning, we bootstrapthe algorithm by tracing a
few particlesin eachvoxel (10 in our experiments)vithout
keepingtheir pathlines.

4.4, Radius and Weights Estimation

Oncea setof pathlineshasbeenselectedthe setof radii,

fsi(t)g;, for all particlesattimet, is estimatedasedon the
distancefrom eachparticlesto its neighboringparticlesat

eachtime step.For eachparticle,we computethe distance
to its closestneightbor and we then assignto the particle
a radius proportionalto this distance.ln our experiments,
we found that multiplying this distanceby a factorin the
range[1:5; 2] yieldsgoodresults. A variantof this algorithm
is to clamptheradiusof the particlesthatarenearthe uid' s

boundariego avoid poor RBF reconstructiorat the bound-
aries.Thisis particularlyimportantif asmallnumberof par

ticlesis used.

At eachtime step,we now have a setof radialbasisfunc-
tionsde ned by their centersandradii. To completethe ap-
proximationde ned by Equations2 and 3, we needto esti-
matethe weightsW (t) and Wi (t). It is straightforvard to
estimatethesevaluesat eachtime stepby solving

Argminypgy, @ FEXjkn) T (X k) 2
ikl
+HA W (1)
i
with Wi(t) o0
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and
. - 2
ArgMIngwi (g | a Txpm) Txjx)
ikl

+HAW ()2

with Wit) O

where | is a regularizationparametersetto :1 in our ex-
perimentsThis parametecould be estimatecautomatically
usinga criteriasuchasgeneralizedrossvalivation [Orr99].
We requirethe weightsto be positive sincethey are asso-
ciatedwith positive physicalquantitiesin our system(see
Sectionb). Theseminimizationproblemgfall in thecateyory
of quadratigprogrammingproblemsNotethatthesesystems
arequitesparséecauseachkernelhasasmallsupportOur
solveris basedn a sparsenterior point method[NW99].

Figure 2 illustratesthe quality of the t. More examples
areprovidedin the video. Someof the discrepanciesisible
in theexamplesaredueto the randomperturbationsisedto
texture the uids. Section6 providesa quantitatve evalua-
tion of the tting error

5. Interacti ve Pathline Editing

The ARBF representatioprovidesa framework that males
interactve o w editingpossible Themainideais to usethe
particlesasa setof handleshroughwhich the ow canbe
manipulatedas a deformableobject.We considerthe setof
pathlinesasa pliable objectthatcanbe bentby moving par
ticles.Bendingthe pathlinesallows the smoothpropagation
in time of editing operationsTo maintaincontinuity in the
o w, we enforcetwo typesof constraintsThe rst typetries
to keepthe setof particlescoherentat a speci ¢ time step;
theseare spatialconstraints The secondtype aretemporal
constraintsa modi cation at a speci ¢ pointin time needs
to bepropagatedbothforwardandbackwardin time. We en-
force spatialconstraintdy usinga SmoothParticle Hydro-
dynamic(SPH)system This systemoperatedy identifying
the RBF kernelsin the ARBF modelas SPH particles.We
enforceweaktemporalconstraintdy propagatingsmoothly
in time changesn the particlespositions.This propagation
is performedusinghierarchicaB-Splineinterpolation Each
editingoperationincludes4 steps:

1. Selectionof agroupof particles,G.

2. Displacemenof G.

3. Spatialconstraintenforcementhroughan SPH simula-
tion.

4. TemporalpropagatiorthroughB-Splineinterpolation.

Stepsl and?2 are performedby the animator;steps3 and4
areautomaticallyhandledby the system.

Our editing algorithmis relatedto the hierarchicalfull-
bodymotionalgorithmsystenproposedy [LS99. Thedif-
ferencds, wherelLeeetal alternatespatialandtemporakon-
straintenforcementgor, using the terminologyof [LS99],
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Figure 2: Comparisorbetweerdata and model.Rows1 and 3 showtwo raytracedsimulated uids. Rows2 and 4 showthe

respectivessampledARBFmodels.

intraframe and interframe constraints),our algorithm en-
forcesthe constraintssequentially This choice stemsfrom

fundamentadifferencesbetweenthe SPH system,usedto

enforce o w constraintsandtheinversekinematicssystem,
usedto enforcebody constraintsFirst, the SPHsimulatoris

signi cantly slower thanthe fastinversekinematicsystem
usedin [LS99]. Iteratingthe SPHsystemyieldspoorperfor

mancesSecondthe changesn the uid introducedby the
SPHsimulationis lessintuitive thanthe onesintroducedby

the IK system.In particular runningan SPH simulationat
atime stepthatis not the onecurrentlydisplayedimits the
control thatthe animatorhasover the edited uid. Therest
of this sectiongivesmoredetailson the SPHsystemandthe
B-Splineinterpolationscheme.

5.1. SmoothParticles Hydr odynamics

We usean SPHsimulatorto enforcespatialconstraintsin
SPH particledensityr is aquantitythatdescribesiow mary
particlesoccupy aregion of spacelncompressibleuids are
dif cult to simulatewithin an SPH framework sincethey
giveriseto very stiff systemsHowever, we do notuseSPH
to simulatethe uid but ratherto createa systemthatreacts
to perturbationf the particles.To do this, we identify the
dustdensityr asthe densityof a compressibleuid. When
thepositionsof theparticlesarechangedthechangen den-
sity createsa pressurdifferential that setsthe particlesin
motion. The ARBF representatiortranslatesinto the SPH
frameawork by usingc asthecenters asthe radius,W,i (t) as
themassandf asthekernel.Particle density a scalar eld
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denoted (x), is thende ned as

N

r9=a W ®fit:):

i=1

This equationis the sameasthe RBF modelapproximating
the density eld asdescribedn Equation2. We assimilate
amachindearningconceptradialbasisfunctions,to a uid
dynamicsrepresentationsmoothhydrodynamicsarticles.
Notethatthevariablet representingimein theoriginal sim-
ulation is constantduring the SPH simulationssincethese
areusedto enforcespatialconstraints\We will uset to rep-
resenttime in the SPHformulation.t representsa ctitious
time andallows the integration of the SPHequationsor a
x edvalueof t. We now give the equationof motionfor the
SPHframework. Theacceleratiorof the particlesfollow the
pressurgyradient:

TPai(t) NPi(t)
ft2 ri(t)

N ) : ~
_ éwm)%+%wmmm(a
j=1 i j

and uid pressurés de ned via anEquationof Stateas
!
r(t;x) A

o9 L

wherer o is areferencedensity andA is anexponentchosen
to male the systemmore or lessstiff (we useA = 7). For
notationalcorveniencewe de ne P, = P(t;ci(t)) andr; =
r(t;ci(t)). Thisformulationis dueto [Mon94].

P(t;x) = r(t;x)

We evaluater (t;x) by resamplingthe SPH formulation
usingthe new positionof the particlesf ¢i(t)g;:

r(t;x) = gvvri(t)fi(t;x):
i=1

i=
NotethatW(t)! (t) is notafunctionoft.

If we integrateeachparticleforwardin ctitious time us-
ing this accelerationthe particleswill eventually reachan
equlibriumwherethe particle densitymatcheshe distribu-
tion given by r o. To aid corvergence,we alsoaddto each
particle’s acceleratiora viscosityterm, vii(¢;)=1it. For the
implementationof the SPH system,we follow the recom-
mendation®f [Roy95].

The SPH systemis usedas follows. The original parti-
cle positionsattimet aregiven,f cj(t)g;. Someparticlesare
thenperturbeddy the userto new positions.ci(tg). We want
to adjustall particlesto resatistfythe continuity equationat
timet. Thisis accomplishedy settingr o basecbntheorig-
inal positionsf ¢;(t)g; of all particles,andintegratethe par
ticlesin ctitious time usingEquation5.
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5.2. Constraint Propagation Thr ough Hierar chical
B-Spline Inter polation

Given a set of positionalcontraintsf(piJ;t,-)g, where pi' is
the new position of particlei at time tj, we would like to
propagatethis constraintbackward and forward in time to
temporaly Iter themodi cations of the o w. This propaga-
tion is doneby tting asmoothfunction, s(t), to the sparse
setof displacementsﬁ(piJ Ci(tj);t)) g, whereci(t;) is the
original positionof the particle.We solve this scatteredlata
interpolationproblemusing hierarchicalB-Spline interpo-
lation. We have found this techniqueto be very effective
for smoothlyinterpolatinga setof constraintghat are non-
uniformly sampledn time. For theimplementatiorof hier-
archicalB-Splineinterpolationwe wereinspiredby [LS99].
In this framework, s is decomposedising a sequenceof

suchthatsis approximatedtlevelnby sy = do+ :::+ dp.
snis recursvely derivedfrom s, ; usingtheconstraints

da(t) = p!  ci(t) s alty):
In otherwords,we estimated,, sothatit interpolatesat the
constraintpoints the error made by the approximationat

leveln 1. In ourimplementationwe usethe robust cubic
B-Spline tting techniquedescribedn [LS99].

6. Results

Usingthealgorithmdescribedn this paperwe t theARBF
modelto Euleriansimulations.The supportingvideo illus-
tratessomeof theseresultswhereadablel givesa quantita-
tive assessment.

To vizualize our results,we usedtwo renderingalgo-
rithms.The rst oneusesasetof hardwarerenderegarticles
(GL_POINT S primitives)whosesizeis proportionalto the
local density For eachvoxel, we render20 particleswhose
locationsare uniformely jiterred within the voxel. The sec-
ondoneis amodi ed versionof the POVray public domain
raytracer Both renderersmaptemperaturesnto colorsus-
ing handpicked color maps.Thesecolor mapswheredeter
mined by studyingimagesof explosions.We tried a black
body radiationframevork but we weredisappointedy the
results.

The Eulerian simulationswere generatedising a mod-
ied version of an implementationof Jos Stams algo-
rithm [Sta03]. We found that the amountof turbulencein
thesesimulationsstrongly dependson two parametersthe
intial conditionsandthe scaleof the vorticity con nement
force. To determinethe inital conditions,we usea fractal
functionfor temperatureyelocities,anddensitiesThe user
speci esmaximumvaluesfor all three eld andtheextentof
theinitial volume (cubeor sphere)The systemthenjitters
randomlythesevaluesat eachvoxel accordingto a simple
fractalpattern.

Table 1 describesnumericallya few tting experiments.
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Grid size Steps Particles Simulation(m) Advection(s) RBF(m) RMS-D RMS-T Compression
50 80 50 60 608 10.4 19.1 111 .026 2.65 285
50 60 50 60 428 7.4 9.2 45 .040 3.03 303
50 80 50 100 473 18.2 35.9 5.3 .023 1.86 366
50 80 50 100 473 18.6 23.9 3.8 .021 1.72 352
70 80 50 90 605 21.0 25.4 12.4 .025 1.90 401

Table 1: Fitting results.Timingsfor the ARBF tting algorithmis split into two stages: an advectionstage, correspondingo
the selectionand calculationof the pathlines f ¢j(t)g, andan RBF stage, correspondingo the calculationsof the radial basis
functionparametes f s(t); W/ (t); W4 (t)g. Theadvectiortimingsare givenin secondsthe RBFtimingsin minutes.

All experimentsvereperformedona2.4 GHz PC.We have
split the timings into an adwection stage,correspondingo
theselectiorof thepathlinesanda tting stagegcorrespond-
ing to the calculationof the RBF model.Note thatRBF cal-
culationstake much longer than the selectionof the path-
lines.Thisis not surprisingsinceadvectingandevaluatinga
particlecanbedoneextremelyquickly. However, solvingfor
the RBF weightsis time-consumingSurprisingly the bulk
of the computationis not spentby the quadraticprogram-
ming routine;ratherit is spentduring setup. Settingup the
systemof equationgequiresmary evaluationsof the basis
functions.Wethink alot of theseavaluationsareactuallyre-
dundantandthatamorecarefulimplementatiorcouldspeed
up this stageconsiderably Column 6 and 7 of the results
tabledisplaytheroot meansquaretting errorfor theveloc-
ity andthetemperatureeld. To avoid amortizingthe error
overemptyvoxels,we did notincludein thermssummation
voxelsthatwereemptybothin the simulationandtherecon-
struction.Densitiesin the uid arewithin theintenal [0; 1]
andthetemperaturearewithin [293 400(. Thereconstruc-
tion errorsare quite smallin all the examples.Sincein all
5 experimentswe usethe samedensitythresholdto deter
mine the numberof particles,the reconstructiorerrorsare
alsoquitesimilar.

We also evaluate the compressionratio obtainedwith
the ARBF model. At a given pointin time, in an Eurelian
representatiorachvoxel is describedby 5 oating points
(a 3D velocity, density and temperature)whereasfor the
ARBF representatiorachparticleis crescribedy 6 oating
pointvalues(c(t), s(t), W (t), andWi (t)). Thecompression
amountgo factorsof several hundredsn mostcasesEven
thoughit is a lossy compressionit could be aninteresting
way of storing uid simulations.This is an applicationwe
intendto explore morethoroughly

Table 2 providestiming resultsfor a few editing opera-
tions. We reporttimings for experimentson two different
o ws. For eachset,we performededitingoperationsnvolv-
ing varyingnumberof particles.Thesecondcolumnshavs
howv mary particleswere selectedduring the manipulation.
Thetimingsareall in secondsThe3rd columngivestherun-
ning time of the SPHsimulator the 4th coversthe B-Spline

Total Edited SPH B-Spline Sampling Total
part. part.

700 700 0.00 0.97 014 111
700 166 1.33 0.83 0.14 2.30
700 5 1.01 0.50 0.14 1.65
346 700 0.00 0.66 0.72 1.38
346 70 0.22 0.53 0.72 1.47
346 9 0.18 0.45 0.72 1.35

Table 2: Editing results. This table showstimings during
editing opemtions. The timing has been split into three
steges.First,the SPHcalculations thenthecomputatiorre-
latedto the Hierarchical B-Splineinterpolation,and nally

the resamplingof the ARBF to visualizethe nev ow. All

timing resultsare givenin seconds.

propagationthe 5th columngivesthetime it took to resam-
ple the uid, andthelastonegivesthetotal time. Whenall
particlesare selectedthereis no SPHcomputationsAlso,
note that since we evaluateall kernels,the samplingtime
doesnot dependon how mary particleswere selected A
moreefcient approachwould beto only updatethe partof
the uid thathasbeenaffected.Thetotal computationgime
arebetween[1.11, 2.30] secondsThis causesa noticeable
delayduring editing but it doesnot hindersigni cantly the
interactvity of the process.

The video presentdwo editing sessionsln the rst one,
the uid is manipulatednteractiely andselectedegionsof
the uids are moved around.In the secondone, we shav
how thesameechniquecanbeusedto deforma o w to take
into accounta newly introducedobstacle We usea simple
procedurego bendthe pathlinesaroundthe sphereFor each
pathline we computethepointthatcomesclosesto thecen-
ter of the spherelf the RBF at this point intersectawith the
sphere,we move it outsideof the sphereso that the RBF
andthespherébecomdangentWethenpropagatehesedis-
placementaisingthe techniquedescribedn Section5. The

¢ TheEurographic#ssociation2004.
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Figure 3: Fluid tted arounda sphee usingthe ARBFmodel.

imagesequencén Figure3 shavs a few framesof the nal
uid, wrappingaroundthe sphereaftercolisionavoidance.

7. Conclusion

In this paperwe have presente@ novel way to look at uid
simulations.The representationve introducedis not com-
pletelynew sincebothEulerian uid simulationandparticle
systemsarewell known to the computergraphicscommu-
nity. Our contrikution lies elsavhere:by identifying a ma-
chinelearningalgorithm(radialbasisfunction)to a compu-
tational uid mechanicgechnique(smoothedparticleshy-
drodynamics)we whereableto manipulateEulerian o ws
in ways that would have beenvery dif cult with a voxel-
basedstructure We do not believe thatthe o w editingtool
we presentedn this researchis the ultimate solution for
theinteractve manipulation®f o ws. However, we think it
could nd itswayin apaletteof toolssinceit addressesome
interestingssuesln particular it is usefulto introducevery
quickly slight modi cations in a o w. The exampleof the
collision with a spherein thevideois particularlyrepresen-
tative.

Our approachs not without limitations. In particular the
useof particlesintrinsically limits the granularityof therep-
resentationWe t a nite numberof particlesto the uid.
This numberdetermineshow much detailswe can model
within the uid. It is particularlyimportantfor the editing
application:no editing operationsn the currentsystemcan
affectthe uid atascalesmallerthanthe particles.Oneway
of addressindhis issueis to usea multi-resolutionparticle
representatiothatwould adaptvely split particlesto theres-
olution neededDC99]. Also, we would liketo nd amore
physicalway of enforcinginterframeconstraintsThe inter-
polationof the constraintghroughhierarchicaB-Splinein-
terpolationis oblivious of the physicsof uid particles.One
possibility would be to usethe Bernoulli equationfor un-
steady uids asamodelto relatethe geometryof a pathline
to theforcesactingon the particle.

The resultsof large turbulent Eulerian uid simulations
canrequirealot of disk spaceThe ARBF couldbe usedto
compresghesesimulations.

¢ TheEurographic#ssociation2004.
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