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Abstract

In an unboundedphysicaldomain,simulatinga turbulent uid on an Eulerian grid is rathertricky. Sinceit is
dif cult to predictthe motionof the uid, it is alsodif cult to guesswhich computationadomainwouldallow the
simulationofthe uid withoutcrossingthecomputationaboundariesTo addressthis dilemmawehavedeveloped
a novel adaptiveframavork whee the simulationgrid follows the motionof the ow. Our techniqueis basedon
the principle of Galilean Invarianceandthe culling of simulationcells usinga metric derivedfrom continuative
boundaryconditions We describeour framevorkandshowcasés advant@esovertraditional techniquesTiming

resultsandvisualcomparisongre presented.

1. Intr oduction

Fluid animationsarise in mary computergraphicsappli-

cationssuch as games,visual effects, and training simu-
lations. Their importancehas driven the developmentof

uid simulationtechniquessuitablefor visual applications,
which enablevisually compellingsimulationof uid o ws

in tractablecomputatiortime.

Buoyang/-driven o ws are of particularinterestfor the
entertainmentindustry They include explosions, rising
smole stackssteamjets,and res. In such o ws, the dom-
inant causeof uid transportis a buoyang force which is
generatedy atemperaturelifferentialin the uid medium.
Buoyang/-driven o ws tend to rise when unboundedby
physicalbarriers suchaswalls or otherobstaclesuntil they
cool enoughthat the driving temperatureaifferentialdrops
too low to further propelthe ow. Before cooling, a uid
mayrisesteadily swirl, o w around x edobjects or exhibit
otherunpredictabléehaior.

The unpredictabilityof such o ws, combinedwith their
potentialto cover alarge physicalareabeforedissipatingor
cooling, makes them particularly dif cult to simulateef-
ciently. A typicaltechniqueor simulatingthesesituationds
given by [FSJ01] wherethe incompressibléNavier-Stokes
Equationsareapproximatelysolved usingstablemethodson
astaticuniformgrid. Thistechniqueaequireschoosingagrid
thatis largeenoughsothatthevisually importantpartof the
ow will never leave the computationaldomain,while si-
multaneouslchoosinga high-enoughyrid resolutionsothat
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theinterestingsmall-scaledetail of the o w is not lost. For
large-scalgphenomenathesecompetingrequirementsnay
resultin extraordinarilylarge computationatlomains Run-
ning a simulationon suchdomainstypically requireslarge
amountof memoryandcomputatiortime.

In this paper we presentan adaptve grid techniquefor
simulatingef ciently buoyang/-driven o ws. Ourtechnique
modi es the spatiallocation and the shapeof the grid, not
its resolution.We begin with a small computationatiomain
centeredaroundthe sourceof the ow. The ow velocity
eld andassociatednaterialpropertiesare updatedusinga
standardNavier-Stokessolver [Sta03. Our algorithmtracks
theregion of the o w thatis “interesting; anddynamically
moves the computationadomain so that the region of in-
terestof the o w is coveredby computationakells. To ef-
ciently implementthis tracking procedurewe exploit a
propertyof the Navier-StokesEquationscalledGalileanIn-
variance To our knowledge,this is the rst applicationof
Galileaninvarianceto accelerateo w calculations.

The contritutions of this paperare an algorithm for ef-
ciently moving the computationadomainthroughspace,
andan algorithmfor adaptvely culling “unimportant”cells
from uid calculationsImplementingthesetechniquege-
quiressmall modi cations to an existing uid solver. The
combinationof the techniquegresentedn this paperpro-
videsfor visually compelling3D simulationof large-scale
o wsin afractionof thecomputatiortime requiredby static
grid techniques.
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2. RelatedWork

In computer graphics, buoyang/-driven ows are often
simulated using Eulerian (grid-based) methods. Pre-
vious work has focused on simulating re [NFJOZ2],
large-scale explosions [RNGF03] compressible and
pseudo-compressibkxplosions[FOA03, YOHO00],andhot
gase4FSJ01FM97, SF93].

Our soler is based on Jos Stams stable uid
code[Sta99,Sta03,FSJ01]which usesa uniform grid with
nite differencing. This methodis popularin computer
graphicsbecauset is fastand stablefor large time steps.
This solver has also beenextendedto solve free-surfce
ows [FFO1,EMFO0Z. While inaccuratein an engineering
sensethealgorithmis easyto implementandproducegood
visualresults.

Adaptive grids are often usedin Finite Element,Finite
Volume,andFinite Differencemethodgo concentrateom-
putationalnodesin areasof highestdetail. Thereare sev-
eralvarietiesof adaptve grid techniquesgependingpnwhat
type of adaptationis allowed. Moving grids [Pen9§ allow
thepositionsof the grid verticesto adaptover time. Dynam-
ically adaptve grids [GKS02] re ne a grid over the course
of a simulationby creatingnew computationahodes.Stat-
ically adaptve grids [ABB 98] determinea priori whereto
re ne thecomputationatiomainbasedon predictedregions
of higherturbulence.

A differentapproachfor handlinghigh resolution,taken
by [RNGFO03],is to simulateonly 2D slicesof the o w and
add 3D detail via randomizedturbulence.By limiting the
simulationdomainto 2D slices,the resolutioncan be in-
creaseddramaticallywithout a large performancepenalty
However, this techniqueonly works for o ws that have a
strongsymmetry We wish to useafull 3D techniquethatal-
lows for arbitrarily shapedo wsin anarbitrarily large phys-
ical domain.

GridlessLagrangiantechniquesasedon SmoothedPar-
ticle HydrodynamicdMon99] have alsobeenusedin com-
putergraphics[PTB 03, MCGO03,DG96]. While promising
for a numberof applications,SPH techniquescannotyet
matchEulerian nite-dif ferencetechniquesn termsof ef-
ciency whenthesimulateduid occupiesalargeportionof
thesimulationspace.

3. Eulerian Fluid Simulation

In this section,we presenthe basicframewvork usedin our
simulator For moreinformationon this technique e refer
to [Sta03]and[FSJO1].

3.1. Navier-StokesEquations

The Navier-Stokes Equationsthat govern incompressible
buoyang/-driven uid o wsin ahomogeneoumediumare

%+ (u Nyu = nR2u RNp+a(T Ty
bry+ eh(N w) 1)
Nu=o0 )
ZI—I+ (u N)T = kN2T; (3)

whereu is the uid velocity eld, pis the pressureeld, n
is the kinematicviscosity T is the temperatureeld, Ty is
thereferenceambienttemperaturea is a scalarcontrolling
the amountof thermaladwection,y is the unit vectorpoint-
ing up ((0;1;0)), b is a scalarin uencing gravity, andk is
thecoefcient of thermaldiffusion. Thevaluee controlsthe
amountof smallscaledetailsaddedo the o w throughvor-
ticity con nement.

For renderingwe alsoadwecta scalardensity eld r, that
representslustor particlesin the uid

%+ (u Nyr =o: 4)

The set,fu;T;rg, is a completesolutionto the Navier-
StokesEquations.

The abore equationsare discretizedinto a uniform grid,
which we denoteas G. G consistsof an axis-alignedlat-
tice of nodepoints, f gjjxg, which arespacedh apartin the
X, ¥, and z directions.The centerof this grid is ¢, and G
containsl, J, andK nodesin thex, y, andz dimensionsin
otherwords,G occupiegheaxis-alignedectanglespanning
¢ IDh.JDh.KDh

2122

Sinceour solver is basedn [Sta03, we only brie y out-
line the method.First, forcesandvorticity con nementare
addeddirectly to the ow. The diffusion term for viscos-
ity is handledwith a stableimplicit technique.The result-
ing ow, denoted], is projectedo bedivergence-freaising
a Conjugate-Gradiergolver thatimplicitly solvesfor pres-
sure,basedn the Poissorequation

DN?p= N : (5)
The projected uid eld is thencomputedasu = @i Np.
Thead\ectionstepis implementedisinga semi-Lagrangian
approachFinally, the divergencefree velocity eld is ob-
tainedby performingthe projectionagain.The densityand
temperatureelds areadwectedanddiffusedusingidentical

techniquesOverall, this techniqueis fast, stable,and pro-
ducesvisually compellingbuoyang/-driven o ws.

3.2. Boundary Conditions

Traditionally, boundaryconditionsfall into two cateyories:
closedandopenboundaryconditions Closedboundarycon-
ditionsenforcethatthe uid cannotpassthroughtheborder
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of thedomainby settingu n = 0 attheboundarieswheren
is thedirectionnormalto thedomainwall. This canbeused
to simulate uid motionin a x ed domainsuchaswaterin
atank.Periodicconditionsassume uid that o ws off one
sideof thedomainreturnsfrom the otherside.Thisis useful
for generatinguid motionthatcanbetiled together

In openboundaryconditions, uids canfreely ow off
the edgeof the computationalomain.Openboundariegs-
sumethatthe physicaldomainis in nite, butthatthe ow is
only computedbver asmallregion. Openboundariesreap-
propriatefor modeling uid phenomendhatoccurin large
unboundedspacessuchas an outdoorexplosion or steam
rising from a smole stack.The behaior of the uid outside
the computationadomainis approximated¢hroughbound-
ary conditions.

To simulateopenboundariesye useso-calledcontinua-
tive boundaryconditionsthatassumehe o w continuesun-
changedastthe boundaryby enforcing

(Nuy m;Nuy n;Nuz n)= 0 (6)

Boundaryconditionsof this type are considerednaccurate
by engineeringstandarddOS00] becausehey cangener
ate re ection waves that propagateback from the bound-
ary. A commonapproach taken for example by Jiang et
al [JSVL99], is to derive more complex boundarycondi-
tionsdesignedo cancethesere ectiveeffects.However, for
computergraphicsapplications simplecontinuatve bound-
ary conditionsgenerateo ws that are not affected signi -
cantly by the boundariesf the computationadomainand
thereforesuit our purpose.

Continuatve boundaryconditions are enforcedat two
stageof the simulation:duringthe projectionstepanddur
ing the self-adection step.During the projectionstep,the
left-handside of Equation5 at a boundarycell is calculated
by assumingthat the deriative in the direction normalto
the boundaryis 0. During the adwection step,if the semi-
Lagrangianback-tracingresultsin a referenceo a location
outsidethe domain,the velocity value of the nearesbound-
arycell is used.

4. Dynamic Grid Techniques

Becauseopenboundariesapproximatean in nite domain,
nothing preventsthe ow from leaving the extents of the
computationalomainG. As shavn in Figurel (a),theden-
sity eld maybeadwecteddirectly outof thedomain leaving
nothingleft to render One remedyis to selecta computa-
tional domainthatis large enoughto containthe simulated
uid well within its boundariesHowever, thisimplieseither
thatDh is large,in which casethe solver would be unableto
resole interestingsmallerscaleturbulence or thatl, J, and
K arelarge, in which casetherewould be a large number
of nodesin the computationadomain,which would male
the solver run very slowly. Furthermoregvenif we choose
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(b)

Figure 1: Fluid simulations:(a) xed domain,(b) moving
domain.

alarge domain,the unpredictablenatureof aturbulent o w
malesit very dif cult to guessa priori just how large the
domainneedsgo be.

Forthesereasonswe aremotivatedto developatechnique
thatadaptshe locationandextentsof G dynamicallybased
on the characteristicef the evolving o w. Our approachs
to combinethreetechniquestranslatinghe centerof thedo-
mainto “track” the o w, adjustingthe extentsto capturethe
shapeof the ow, and culling voxels from G which con-
tribute little to the overall ow calculations.The decision
asto whethera region mustbe includedin the calculation
is basedon how closethe ow in thosevoxels meetsthe
continuatve boundaryconditions We describeeachof these
techniquesn thefollowing subsections.

4.1. Translating the Domain Using Galilean Invariance

Letusconsiderpuff of steanrisingfrom avent.Theactual
puff is small, but the steamtravels a large distancebefore
dissipating Our ideais to centerthe computationadomain
in the middle of the steampuff, and move the center c(t),
asa function of time to keepthe puff within G. Oneway
to implementthis is to remove layersof voxelsin regions
thatthe uid is leaving from andaddvoxelsin regionsthat
the uid is moving into. Implementingthis procedurevould
requireacertainamountof resamplingandbookleepingthat
couldgettricky for acomple o w.

We have developeda simpler approachthat exploits a
propertyof the Navier-StokesEquationscalledGalileanIn-
variance Galileaninvarianceis a principlewhich stateghat
thefundamentalaws of physicsarethe samein all inertial
(uniform-velocity) framesof referenceFor uids, it means
that a frame of referencemaving at a constantvelocity v
is equivalentto inducing a uniform ow of v in the ob-
sened ow eld u. Thisis the principle behinda wind tun-
nel, whereblowing wind over a wing is equivalentto mov-



Shahetal / ExtendedGalilean Invariancefor AdaptiveFluid Simulation

ing thewing throughmotionlessair. Figure?2 illustratesthis
property Forincompressibleuids, Galileaninvariancealso
holdsfor anarbitraryrectilinearmotion of theframe.In this
case,the motion of the frame can be a function of time.
This lastpropertyis sometimecalledExtendedGalileanIn-
variance[Pop0Q. The appendixdiscusseshis propertyin
more details. It is interestingto note that Galilean Invari-
anceno longerholdsin a non-inertialrotatingframe.In this
case therotationinducesCoriolis andangularacceleration
forces[Pop0Q.

We canexploit Galileanlnvarianceto ef ciently translate
thecenterof thegrid by velocity v(t) asfollows. If wetrans-
late all voxels f gjjxg alongthe velocity v(t), we inducea

owinuequalto v(t). Asaconsequencayecansimulate
the uid in areferencerameattachedo c(t) by adjusting
the velocity at eachstepby v(t). We also needto keep
trackof c(t), themotion of the centerof thegrid, duringthe
simulationto be ableto reconstructhe motion of the uid
in a x edframeof referenceWith thistechniquethereis no
needto addor remove voxelsfrom G, we simply changethe
locationof eachcell.

We chooseo locatethe centerof the grid at the centerof
the setof voxelsfor which r is greatethansomethreshold.
We calltheregionof spacale nedby thesevoxelstheregion
of interest Let r (t) bethecenterof theregion of interest.To
avoid adwectingdensityoutof thecomputationatiomainwe
would like to compensatéor the motionof r (t) beforethe
densityadvection step. This is not possiblesincer (t) can
only be computedafterthe density eld hasbeenadwected.
To addresshis contradictionwe predictthevelocity of r (t)
from thetwo previoustime steps

Pt Dt F(t 2Dt)

v(t) = X

@)

andwede ne
Zy
c(t)= v(t)dt
0

asthe positionaloffsetsincetime 0. Notethat r (t) andc(t)
are different points. r (t) is the centerof the region of in-
terest,whereasc(t) is both the centerof the grid and the
predictedpositionof r(t).

Accordingto Galileanlnvariance,
fu(;0)); T(0);r (x;t)g ®)
and
fulx c(t);t) w(t);T(x ct);t);r(x ct);t)g (9)

areequialentsolutionsof Equationsl-4. Expressior8 rep-
resentsthe solution of the Navier-Stokes Equationsin a
global x edcoordinatesystem(i.e. “world space”) Expres-
sion 9 representshe equivalentsolutionin a moving frame
of referencdollowing the grossmotionof the uid.

|
v(t)
-v(t)

Figure2: GalileanInvariance Ontheleft, a staticobjectis
in a uniform ow with velocityv(t). Ontheright, the object
is moving with velocityv(t) in anotherwisestatic ow. From
thepoint of view of the object,these ows are thesame

In summary our algorithmfor translatingthe domainis
implementedsfollows. At timet, we computev(t) andc(t).
Wethenstoretheoffsetc(t), whichis thetranslationapplied
tor duringrenderinganduniformly add v(t) tothevalues
of u storedat eachgrid cell gj j.

As shawvnin Figurel (b), thistrackingproceduresuccess-
fully follows theregion of interest.

4.2. Reshapingthe Domain

We translatehe domainto keeptheregion of interestof the
o w centeredn the voxel grid. However, the region of in-
terestmay changeshapesigni cantly over the courseof a
simulation.To addresshis issue we have developedatech-
nique for adjustingthe domainto accommodatef ciently

theevolving shapeof the uid.

Our methodis basedon the obseration that the bound-
ary conditionsas expressedy Equation6 approximatethe
behaior of the uid atthe boundarieof the computational
volume. In orderto adaptthe boundariesto the evolution
of the o w, we considerthe voxels for which this condition
is approximatvely met. The mainideais thatthe boundary
conditionswould not affect the computationsf they areal-
readymetprior to beingenforced.

Equation6 setsthedirectionalderivative of the ow eld
to be 0 acrossthe boundariesWe computethe three axis-
aligned directional derivatives at eachvoxel (i; j;K) using
centraldifferences

1
Uux(i+ 35K ux(i 155K
Bisjik= oo @ W(iii+ LK uy(iij Lk A: (10)
Ui Jik+ 1) wg(is ik 1)
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(b)

Figure 3: Adaptivegrid: (a) rendeed uid, (b) grid visual-
ization (thegreendotsrepresenthe voxelsusedin the com-
putations).

If for a given voxel a componentof the vector B;;j:x is
closeto 0, we predictthat placinga boundaryat this voxel,
perpendiculato the correspondingxis, would have a min-
imal impacton the simulation.Basedon this analysis,we
have developeda simplealgorithmfor adjustingthe bound-
ariesof thedomainG ateachsimulationstep.We rst com-
pute the directionalderivatives, Bj:jx, at eachvoxel. Next,
we computetheboundingvolumeof all thevoxelsthathave
at leastone of its directionalderivative componentabove
a given threshold.This boundingvolume becomeghe new
computationalvolume. We take this reshapingprocedure
even further and cull arbitrary voxels from the list of vox-
els usedin the simulation.Our algorithm discardsa voxel
if it andits neighborameetoneof the boundaryconditions.
Wede ne theneighborhooaf avoxel asbeingall thevoxels
within asphereof radius6é  Dh. By changinghisradiuswe
cancontrolhow aggressiely this procedureculls the com-
putationalgrid. In our implementationat the beginning of
eachnew simulationstep,we ag the voxels that will be
culled andignorethesein the computationsThis doesnot
requireusto reallocatememory

Figure 3 illustratesour adaptve grid technique.ln Fig-
ure 3 (b), the voxels usedin the o w computationarerep-
resentedn green.Thewhite surroundingoox visualizesthe
adaptve boundarie®f the simulationgrid.

In thenext sectionwe demonstrat¢hroughasetof exper
imentshow theseechniqueganyield considerablspeedip
over traditional static simulationgrids while preservingyi-
sualquality suitablefor graphicsapplications.

5. Results

For fast-rising o ws, ourtechniqueproducegjoodvisualre-
sultsonrelatively smallcomputationagrids. Figure5 shavs
the comparisonof simulation4 (seeTable 1), betweenthe
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motion of the uid in a staticandadaptve grids. All three
simulationshave similar visualquality.

Tablel shaws timing resultsfor several experimentsAll
experimentsvereperformedona3 GHz PC.Giventhesame
initial conditions we studiedtheperformancesf threealgo-
rithms. The rst oneis a semi-Lagrangiartechniqueusing
a staticgrid, the secondone usesa maving domainas ex-
plainedin Sectior4.1,andthethird oneusesareshapedio-
mainasexplainedin Sectiond.2.Column2 givesthenumber
of iterationsfor which eachexperimentwas run. Columns
3, 5, and 8 shaw the numberof voxels includedin simula-
tion for the static, translatedandthe adaptve grid respec-
tively. For thestaticandthetranslatedyrid, thisis aconstant
number whereasfor the reshapedyrid we storethe aver
agenumberof voxels over the entire simulation.Similarly,
columns4, 6 and9 shav thetotal time in secondsequired
for theexperimentundereachgrid type. Thetableshavs the
speedupbtainedusingthe translatedandthe reshapedio-
mainfor eachexperimentin columns?7 and10 respectely.
For a given simulation,we decidethe size of the staticgrid
by using the displacemenbf the domain computedusing
thetranslatedyrid. Experiment4 shaws thatfor avery high-
rising o w, our algorithmrunsup to 5:3 timesfastercom-
paredto a staticgrid.

Our techniqueis signi cantly fasterthanonethatusesa
large static domainbecauseasymptotically the adwection,
force,andvorticity con nementrequireO(n) time, wheren
is the numberof grid cellsin G. However, the costof the
diffusionandprojectionstepss signi cantly worsethanlin-
ear ThesparseéPreconditionedonjugate-GradierfiNW99]
solver we are using convergesin approximatelyo(nl-®) it-
erations.Multigrid solvers [WEOQ4] appearto corverge in
O(n) time, but they are notoriously dif cult to implement
for irregulardomains Also, the reshapedyrid is fasterthan
the translatedgrid becausat adaptsthe grid to the shape
of the uid, hencea lot of computatiortime is saved when
the boundingvolumeis much smallercomparedo the ac-
tual grid size.Becausedhe continuatve boundarycondition
is only an approximationto the true o w, the detail of the
computed o w can be differentfor the adaptve technique
thanfor the statictechnique However, this depend®n howv
aggressiely the particlesare culled in the reshapedyrid as
discussedn section4.2. As canbe seenfrom the examples
in the video and Figure 5, the overall characterand visual
delity of the ows is maintained We believe this quality
is high enoughfor mary applicationssuchasvisual effects,
virtual reality simulationsandgames.

By limiting the domain,one might argue that our algo-
rithm seriouslycompromiseheaccurayg of the simulations.
In general,a disadwantageof semi-Lagrangiarschemess
thatthey do notformally consere integral invariantssuchas
total mass A posterioricorrectionis neededo enforcecon-
senation of suchquantities.In our case we usethe Hodge
decompositiorto projectthe ow onto a massconserving
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Experiments Iterations

Voxels

StaticGrid

Time Voxels Time

Translatedsrid

Speedup

Reshape@rid

Voxels

Time

Speedup

50 270000
100 380250
100 539000

50 490000
100 490000

a b wWwNPEF

1239
3800
5970
2669
5332

150000
242000
288000
338000
288000

612
2198
2677
1724
2751

20
1.7
2.2
15
1.9

119110
186257
195583
113074
184750

488
1691
1761

501
1704

25
2.3
3.4
5.3
3.1

Table 1: Timingresults.
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eld. However, thesolverwe areusingfor thePoissorequa-
tion doesnot presere mass.In Figure4, we shaw the nor

malizedmass(with respecto the original mass)asa func-

tion of time for experiment2 for the staticgrid, moving grid,

and reshapedyrid. We obsere that the normalizedmass
uctuateswith all threetechniquesThe algorithmswe pro-

posein this paperdo not produceworsemass uctuations;

in fact the three algorithmsperformin remarkablysimilar
waysasfarasmasspreserationis concerned.

The conserative nature of our techniqueallows us to
reducethe number of grid cells, resulting in signi cant
speedupgor o ws thatcover alarge physicaldomain.Fur-
thermore our adaptve stratgy for determiningwhich cells
to cull allows a smoothcontrol of speedversussimulation
quality. By settingthere nementthresholdow, we areless
likely to cull importantcells, resultingin a more accurate
simulationat the costof greatercomputationtime. Setting
a lower value higherthresholdwill resultin a domainthat
tightly ts thecellswhich aremostturbulent.

6. Conclusion

We have presenteda suite of adaptve grid techniqueghat
allowsef cient simulationof o wsoveralargephysicaldo-
main. Thesetechniquesncludean ef cient andeasyto im-
plementmethodthattranslateshe domain.We alsoprovide
a methodfor adaptingthe extentsof the domainto match
the shapeof the o w basedon the satisictionof continua-
tive boundaryconditions.

As future work, we are interestedn further pushingto-
wardsreal-time uid o w applications.The metric derived
in Equation10 provides a structuredway to rank how im-
portanteachcell in the domainis to the simulation.We can
usethis to designa priority schemethat would allow the
simulationof o ws within a limited computationabudget
while striving for the bestpossiblesimulationquality. We
believe that by combininga computationapriority scheme
suchas this with additional adaptve grid techniquesor a
more ef cient solver suchas multigrid, we will be ableto
achieve high quality 3D uid simulationssuitablefor games
andotherinteractize applicationsAlso, we wouldlik e to ex-
plore betterpredictorsfor the velocity, v(t), of the centerof
theregion of interest.For instancea Kalman Iter [GA93]
frameavork mightyield betterestimates.
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Appendix

In whatfollows, we useEinsteinnotation:the repetitionof

anindex variableimpliesasummatio&overaII valuesof this

index. Letx%= x  c(t), wherec(t) = 5v(t)dt, beachange
of coordinatesystem Let us considerthe velocity u%= u
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Figure 5: Comparisorbetweerstaticgrid and our adaptivegrid algorithms.Thetop row of imagesshowsthe uid simulated
with a staticgrid. Themiddlerowshowshe uid simulatedwith athemovingdomaintechniquedescribedn Sectiord.1(using
thesameinitial conditions).Thebottomrow showsthe uid simulatedwith the adaptivetechniquedescribedn Sectioréd.2.

v. Our goal is to shaw thatif fu(x;t); T(xt);r (x;t)g is a
solution of the Navier Stokes Equations(as formulatedin
equationdl to 4) thensois f uCt); TOCt): r 0L t)g.

First, sincebothu (incompressibleuid) andv (uniform
eld) aredivergencefree,the sumof both elds, u® is also
divergencefree.Let usnow turnto the momentumequation
(equationl). In the original ( x ed) coordinatesystemi,it is
written as

fu . Tu .
ﬁ(x,t)+ u.ﬂ—xi(x,t) = RHY(x;t);

whereRHS(x;t) representtheright handsideof equation.
In the coordinatesystemx®%= x ¢, the previous equation
becomes

fu, U .
ﬁ(x-c,t)+ Ui ﬂ)q(x c;t) = RHY(x-c;t): (11)

Let us nov examinethe partial derivatives of u in the new
coordinatesystem:

fu Tu fa fu Tu fu
—(x- ;t = — - = — A

f beet) Myxc T Mixc Myxc = M™xc
fu fu

—((x-ct) = — :

Txi (x-cit) ™ x-c
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Bringing theseresultstogetherin equationll yields
fu fu
— + (U Vi) —
T e (U ) ™ y.c

Usingu = u%+ v, we derive the following relationshipse-
tweenthe partialderivativesof u andu®

= RHY(x-c;t):

fu o
T™xe Ty

fu O L av
Tt x-c ft o dt’

Themomentunequationis nally rewrittenas

0 0
fu”, ofu”, dv_
o T dt
wherethe term %‘t—’ is the acceleratiorof the moving frame
of reference We canmove it to the right handside, RHS,
whereit canbe absorbedn amodi ed pressurderm

RHS(C1);

<« dv_ o o dv,.
Np+ i N(p+ x a).

The rest of the termsin RHS are consistentwith the
changeof coordinatesystem.In particular sincethe eld v



is spatiallyuniform, N2u%= N2u andN

Shahetal / ExtendedGalilean Invariancefor AdaptiveFluid Simulation

u’= N wu.Con-

sequenththe Navier—StolesEqu@tionsremainthe sameun-

der the transformationx® = x
0 dv

pO= p+x

ow(t)dt, u®=u v, and

at

As aconclusiontheNavier-StokesEquationgor constant
density uids areinvariantunderrectilinearacceleratiorof
theframeof reference.
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