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Abstract
In an unboundedphysicaldomain,simulatinga turbulent �uid on an Eulerian grid is rather tricky. Sinceit is
dif�cult to predictthemotionof the�uid, it is alsodif�cult to guesswhich computationaldomainwouldallow the
simulationof the�uid withoutcrossingthecomputationalboundaries.To addressthisdilemma,wehavedeveloped
a novel adaptiveframework where thesimulationgrid follows themotionof the�ow. Our techniqueis basedon
theprinciple of GalileanInvarianceandtheculling of simulationcellsusinga metricderivedfromcontinuative
boundaryconditions.Wedescribeour frameworkandshowcaseits advantagesovertraditionaltechniques.Timing
resultsandvisualcomparisonsare presented.

1. Intr oduction

Fluid animationsarise in many computergraphicsappli-
cationssuch as games,visual effects, and training simu-
lations. Their importancehas driven the developmentof
�uid simulationtechniquessuitablefor visual applications,
which enablevisually compellingsimulationof �uid �o ws
in tractablecomputationtime.

Buoyancy-driven �o ws are of particular interestfor the
entertainmentindustry. They include explosions, rising
smoke stacks,steamjets,and�res. In such�o ws, thedom-
inant causeof �uid transportis a buoyancy force which is
generatedby a temperaturedifferentialin the�uid medium.
Buoyancy-driven �o ws tend to rise when unboundedby
physicalbarriers,suchaswallsor otherobstacles,until they
cool enoughthat the driving temperaturedifferentialdrops
too low to further propel the �o w. Before cooling, a �uid
mayrisesteadily, swirl, �o w around�x edobjects,or exhibit
otherunpredictablebehavior.

The unpredictabilityof such�o ws, combinedwith their
potentialto cover a largephysicalareabeforedissipatingor
cooling, makes them particularly dif�cult to simulateef�-
ciently. A typical techniquefor simulatingthesesituationsis
given by [FSJ01], wherethe incompressibleNavier-Stokes
Equationsareapproximatelysolvedusingstablemethodson
astaticuniformgrid.Thistechniquerequireschoosingagrid
thatis largeenoughsothatthevisually importantpartof the
�o w will never leave the computationaldomain,while si-
multaneouslychoosingahigh-enoughgrid resolutionsothat

the interestingsmall-scaledetail of the �o w is not lost. For
large-scalephenomena,thesecompetingrequirementsmay
resultin extraordinarilylargecomputationaldomains.Run-
ning a simulationon suchdomainstypically requireslarge
amountof memoryandcomputationtime.

In this paper, we presentan adaptive grid techniquefor
simulatingef�ciently buoyancy-driven�o ws.Our technique
modi�es the spatiallocationandthe shapeof the grid, not
its resolution.We begin with a smallcomputationaldomain
centeredaroundthe sourceof the �o w. The �o w velocity
�eld andassociatedmaterialpropertiesareupdatedusinga
standardNavier-Stokessolver [Sta03]. Ouralgorithmtracks
theregion of the �o w that is “interesting,” anddynamically
moves the computationaldomainso that the region of in-
terestof the �o w is coveredby computationalcells.To ef-
�ciently implementthis tracking procedure,we exploit a
propertyof theNavier-StokesEquationscalledGalileanIn-
variance. To our knowledge,this is the �rst applicationof
GalileanInvarianceto accelerate�o w calculations.

The contributions of this paperare an algorithm for ef-
�ciently moving the computationaldomainthroughspace,
andanalgorithmfor adaptively culling “unimportant”cells
from �uid calculations.Implementingthesetechniquesre-
quiressmall modi�cations to an existing �uid solver. The
combinationof the techniquespresentedin this paperpro-
vides for visually compelling3D simulationof large-scale
�o wsin afractionof thecomputationtimerequiredby static
grid techniques.
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2. RelatedWork

In computer graphics, buoyancy-driven �o ws are often
simulated using Eulerian (grid-based) methods. Pre-
vious work has focused on simulating �re [NFJ02],
large-scale explosions [RNGF03], compressible and
pseudo-compressibleexplosions[FOA03, YOH00],andhot
gases[FSJ01,FM97, SF93].

Our solver is based on Jos Stam's stable �uid
code[Sta99,Sta03,FSJ01]which usesa uniform grid with
�nite differencing. This method is popular in computer
graphicsbecauseit is fast and stablefor large time steps.
This solver has also beenextendedto solve free-surface
�o ws [FF01,EMF02]. While inaccuratein an engineering
sense,thealgorithmis easyto implementandproducesgood
visualresults.

Adaptive grids are often usedin Finite Element,Finite
Volume,andFinite Differencemethodsto concentratecom-
putationalnodesin areasof highestdetail. Thereare sev-
eralvarietiesof adaptivegrid techniques,dependingonwhat
type of adaptationis allowed. Moving grids [Pen98] allow
thepositionsof thegrid verticesto adaptover time.Dynam-
ically adaptive grids [GKS02] re�ne a grid over the course
of a simulationby creatingnew computationalnodes.Stat-
ically adaptive grids [ABB � 98] determinea priori whereto
re�ne thecomputationaldomainbasedon predictedregions
of higherturbulence.

A differentapproachfor handlinghigh resolution,taken
by [RNGF03],is to simulateonly 2D slicesof the�o w and
add 3D detail via randomizedturbulence.By limiting the
simulationdomain to 2D slices,the resolutioncan be in-
creaseddramaticallywithout a large performancepenalty.
However, this techniqueonly works for �o ws that have a
strongsymmetry. Wewish to usea full 3D techniquethatal-
lows for arbitrarilyshaped�o wsin anarbitrarily largephys-
ical domain.

GridlessLagrangiantechniquesbasedon SmoothedPar-
ticle Hydrodynamics[Mon99] have alsobeenusedin com-
putergraphics[PTB� 03, MCG03,DG96].While promising
for a numberof applications,SPH techniquescannotyet
matchEulerian�nite-dif ferencetechniquesin termsof ef-
�ciency whenthesimulated�uid occupiesa largeportionof
thesimulationspace.

3. Eulerian Fluid Simulation

In this section,we presentthebasicframework usedin our
simulator. For moreinformationon this technique,we refer
to [Sta03]and[FSJ01].

3.1. Navier-StokesEquations

The Navier-Stokes Equationsthat govern incompressible
buoyancy-driven�uid �o ws in a homogeneousmediumare

¶u
¶t

+ (u � Ñ)u = nÑ2u � Ñp+ a (T � T0)y

� br y+ eh(N � w) (1)

Ñ� u = 0 (2)
¶T
¶t

+ (u � Ñ)T = kÑ2T; (3)

whereu is the �uid velocity �eld, p is thepressure�eld, n
is the kinematicviscosity, T is the temperature�eld, T0 is
thereferenceambienttemperature,a is a scalarcontrolling
theamountof thermaladvection,y is theunit vectorpoint-
ing up ((0;1;0)), b is a scalarin�uencing gravity, andk is
thecoef�cient of thermaldiffusion.Thevaluee controlsthe
amountof smallscaledetailsaddedto the�o w throughvor-
ticity con�nement.

For rendering,wealsoadvectascalardensity�eld r , that
representsdustor particlesin the�uid

¶r
¶t

+ (u � Ñ)r = 0: (4)

The set, f u;T; r g, is a completesolution to the Navier-
StokesEquations.

The above equationsarediscretizedinto a uniform grid,
which we denoteas G. G consistsof an axis-alignedlat-
tice of nodepoints,f gi jkg, which arespacedDh apartin the
x, y, and z directions.The centerof this grid is c, and G
containsI , J, andK nodesin thex, y, andz dimensions.In
otherwords,G occupiestheaxis-alignedrectanglespanning

c�
�

IDh
2 ; JDh

2 ; KDh
2

�
.

Sinceour solver is basedon [Sta03], we only brie�y out-
line the method.First, forcesandvorticity con�nementare
addeddirectly to the �o w. The diffusion term for viscos-
ity is handledwith a stableimplicit technique.The result-
ing �o w, denotedũ, is projectedto bedivergence-freeusing
a Conjugate-Gradientsolver that implicitly solvesfor pres-
sure,basedon thePoissonequation

DtÑ2p = Ñ� ũ: (5)

The projected�uid �eld is thencomputedasu = ũ � Ñp.
Theadvectionstepis implementedusinga semi-Lagrangian
approach.Finally, the divergencefree velocity �eld is ob-
tainedby performingtheprojectionagain.Thedensityand
temperature�elds areadvectedanddiffusedusingidentical
techniques.Overall, this techniqueis fast,stable,andpro-
ducesvisually compellingbuoyancy-driven�o ws.

3.2. Boundary Conditions

Traditionally, boundaryconditionsfall into two categories:
closedandopenboundaryconditions.Closedboundarycon-
ditionsenforcethatthe�uid cannotpassthroughtheborder
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of thedomainby settingu � n = 0 at theboundaries,wheren
is thedirectionnormalto thedomainwall. This canbeused
to simulate�uid motion in a �x eddomainsuchaswaterin
a tank.Periodicconditionsassumea �uid that �o ws off one
sideof thedomainreturnsfrom theotherside.This is useful
for generating�uid motionthatcanbetiled together.

In openboundaryconditions,�uids can freely �o w off
theedgeof thecomputationaldomain.Openboundariesas-
sumethatthephysicaldomainis in�nite, but thatthe�o w is
only computedoverasmallregion.Openboundariesareap-
propriatefor modeling�uid phenomenathat occurin large
unboundedspaces,suchas an outdoorexplosion or steam
rising from a smoke stack.Thebehavior of the�uid outside
the computationaldomainis approximatedthroughbound-
aryconditions.

To simulateopenboundaries,we useso-calledcontinua-
tive boundaryconditionsthatassumethe�o w continuesun-
changedpasttheboundary, by enforcing

(Ñux � n;Ñuy � n;Ñuz � n) = 0: (6)

Boundaryconditionsof this type areconsideredinaccurate
by engineeringstandards[OS00] becausethey can gener-
ate re�ection waves that propagateback from the bound-
ary. A commonapproach,taken for example by Jiang et
al [JSVL99], is to derive more complex boundarycondi-
tionsdesignedto cancelthesere�ectiveeffects.However, for
computergraphicsapplications,simplecontinuative bound-
ary conditionsgenerate�o ws that are not affectedsigni�-
cantly by the boundariesof the computationaldomainand
thereforesuit ourpurpose.

Continuative boundaryconditions are enforcedat two
stagesof thesimulation:duringtheprojectionstepanddur-
ing the self-advectionstep.During the projectionstep,the
left-handsideof Equation5 at a boundarycell is calculated
by assumingthat the derivative in the direction normal to
the boundaryis 0. During the advection step,if the semi-
Lagrangianback-tracingresultsin a referenceto a location
outsidethedomain,thevelocity valueof thenearestbound-
arycell is used.

4. Dynamic Grid Techniques

Becauseopenboundariesapproximatean in�nite domain,
nothing prevents the �o w from leaving the extentsof the
computationaldomainG. As shown in Figure1 (a),theden-
sity �eld maybeadvecteddirectlyoutof thedomain,leaving
nothing left to render. Oneremedyis to selecta computa-
tional domainthat is largeenoughto containthe simulated
�uid well within its boundaries.However, this implieseither
thatDh is large,in whichcasethesolver would beunableto
resolve interestingsmaller-scaleturbulence,or thatI , J, and
K are large, in which casetherewould be a large number
of nodesin the computationaldomain,which would make
thesolver run very slowly. Furthermore,even if we choose

(a) (b)

Figure 1: Fluid simulations:(a) �xed domain,(b) moving
domain.

a largedomain,theunpredictablenatureof a turbulent �o w
makes it very dif�cult to guessa priori just how large the
domainneedsto be.

For thesereasons,wearemotivatedtodevelopatechnique
thatadaptsthelocationandextentsof G dynamicallybased
on thecharacteristicsof theevolving �o w. Our approachis
to combinethreetechniques:translatingthecenterof thedo-
mainto “track” the�o w, adjustingtheextentsto capturethe
shapeof the �o w, and culling voxels from G which con-
tribute little to the overall �o w calculations.The decision
as to whethera region mustbe includedin the calculation
is basedon how closethe �o w in thosevoxels meetsthe
continuativeboundaryconditions.Wedescribeeachof these
techniquesin thefollowing subsections.

4.1. Translating the Domain UsingGalilean Invariance

Let usconsiderapuff of steamrisingfrom avent.Theactual
puff is small, but the steamtravels a large distancebefore
dissipating.Our ideais to centerthecomputationaldomain
in the middle of the steampuff, andmove the center, c(t),
asa function of time to keepthe puff within G. One way
to implementthis is to remove layersof voxels in regions
that the �uid is leaving from andaddvoxels in regionsthat
the�uid is moving into. Implementingthisprocedurewould
requireacertainamountof resamplingandbookkeepingthat
couldgettricky for a complex �o w.

We have developeda simpler approachthat exploits a
propertyof theNavier-StokesEquationscalledGalileanIn-
variance. Galileaninvarianceis aprinciplewhichstatesthat
the fundamentallaws of physicsarethesamein all inertial
(uniform-velocity) framesof reference.For �uids, it means
that a frame of referencemoving at a constantvelocity v
is equivalent to inducing a uniform �o w of � v in the ob-
served�o w �eld u. This is theprinciplebehinda wind tun-
nel, whereblowing wind over a wing is equivalentto mov-
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ing thewing throughmotionlessair. Figure2 illustratesthis
property. For incompressible�uids, GalileanInvariancealso
holdsfor anarbitraryrectilinearmotionof theframe.In this
case,the motion of the frame can be a function of time.
This lastpropertyis sometimecalledExtendedGalileanIn-
variance[Pop00]. The appendixdiscussesthis propertyin
more details.It is interestingto note that GalileanInvari-
anceno longerholdsin a non-inertialrotatingframe.In this
case,the rotationinducesCoriolis andangularacceleration
forces[Pop00].

Wecanexploit GalileanInvarianceto ef�ciently translate
thecenterof thegrid by velocityv(t) asfollows.If wetrans-
late all voxels f gi jkg along the velocity v(t), we inducea
�o w in u equalto � v(t). As aconsequence,wecansimulate
the �uid in a referenceframeattachedto c(t) by adjusting
the velocity at eachstepby � v(t). We also needto keep
trackof c(t), themotionof thecenterof thegrid, duringthe
simulationto be ableto reconstructthe motion of the �uid
in a�x edframeof reference.With thistechnique,thereis no
needto addor removevoxelsfrom G, wesimplychangethe
locationof eachcell.

We chooseto locatethecenterof thegrid at thecenterof
thesetof voxelsfor which r is greaterthansomethreshold.
Wecall theregionof spacede�nedby thesevoxelstheregion
of interest. Let r̄ (t) bethecenterof theregionof interest.To
avoidadvectingdensityoutof thecomputationaldomain,we
would like to compensatefor themotionof r̄ (t) beforethe
densityadvection step.This is not possiblesincer̄ (t) can
only becomputedafter thedensity�eld hasbeenadvected.
To addressthiscontradiction,wepredictthevelocityof r̄ (t)
from thetwo previoustime steps

v(t) =
r̄ (t � Dt) � r̄ (t � 2Dt)

Dt
; (7)

andwede�ne

c(t) =
Z t

0
v(t )dt

asthepositionaloffsetsincetime 0. Notethat r̄ (t) andc(t)
are different points. r̄ (t) is the centerof the region of in-
terest,whereasc(t) is both the centerof the grid and the
predictedpositionof r̄ (t).

Accordingto GalileanInvariance,

f u(x;t)) ;T(x;t); r (x;t)g (8)

and

f u(x � c(t);t) � v(t);T(x � c(t);t); r (x � c(t);t)g (9)

areequivalentsolutionsof Equations1-4.Expression8 rep-
resentsthe solution of the Navier-Stokes Equationsin a
global�x edcoordinatesystem(i.e. “world space”).Expres-
sion9 representstheequivalentsolutionin a moving frame
of referencefollowing thegrossmotionof the�uid.

-v(t)

v(t)

Figure2: GalileanInvariance. On theleft, a staticobjectis
in a uniform�ow with velocityv(t). On theright, theobject
is movingwith velocityv(t) in anotherwisestatic�ow. From
thepointof view of theobject,these�ows are thesame.

In summary, our algorithmfor translatingthe domainis
implementedasfollows.At timet, wecomputev(t) andc(t).
Wethenstoretheoffsetc(t), which is thetranslationapplied
to r duringrendering,anduniformly add� v(t) to thevalues
of u storedat eachgrid cell gi jk.

As shown in Figure1 (b), thistrackingproceduresuccess-
fully follows theregion of interest.

4.2. Reshapingthe Domain

Wetranslatethedomainto keeptheregion of interestof the
�o w centeredin the voxel grid. However, the region of in-
terestmay changeshapesigni�cantly over the courseof a
simulation.To addressthis issue,we have developeda tech-
niquefor adjustingthe domainto accommodateef�ciently
theevolving shapeof the�uid.

Our methodis basedon the observation that the bound-
ary conditionsasexpressedby Equation6 approximatethe
behavior of the�uid at theboundariesof thecomputational
volume. In order to adaptthe boundariesto the evolution
of the�o w, we considerthevoxels for which this condition
is approximatively met.Themain ideais that theboundary
conditionswould not affect thecomputationsif they areal-
readymetprior to beingenforced.

Equation6 setsthedirectionalderivative of the�o w �eld
to be 0 acrossthe boundaries.We computethe threeaxis-
aligneddirectionalderivatives at eachvoxel (i; j ;k) using
centraldifferences

Bi; j;k =
1

2Dh

0

@
ux(i + 1; j;k) � ux(i � 1; j ;k)
uy(i; j + 1;k) � uy(i; j � 1;k)
uz(i; j ;k+ 1) � uz(i; j ;k � 1)

1

A : (10)
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(a) (b)

Figure 3: Adaptivegrid: (a) rendered �uid, (b) grid visual-
ization(thegreendotsrepresentthevoxelsusedin thecom-
putations).

If for a given voxel a componentof the vector Bi; j;k is
closeto 0, we predictthatplacinga boundaryat this voxel,
perpendicularto thecorrespondingaxis,would have a min-
imal impact on the simulation.Basedon this analysis,we
have developeda simplealgorithmfor adjustingthebound-
ariesof thedomainG at eachsimulationstep.We�rst com-
putethe directionalderivatives,Bi; j;k, at eachvoxel. Next,
wecomputetheboundingvolumeof all thevoxelsthathave
at leastoneof its directionalderivative componentsabove
a given threshold.This boundingvolumebecomesthe new
computationalvolume. We take this reshapingprocedure
even further andcull arbitraryvoxels from the list of vox-
els usedin the simulation.Our algorithmdiscardsa voxel
if it andits neighborsmeetoneof theboundaryconditions.
Wede�ne theneighborhoodof avoxel asbeingall thevoxels
within asphereof radius6� Dh. By changingthisradius,we
cancontrol how aggressively this procedureculls the com-
putationalgrid. In our implementation,at the beginning of
eachnew simulationstep,we �ag the voxels that will be
culled andignorethesein the computations.This doesnot
requireusto reallocatememory.

Figure 3 illustratesour adaptive grid technique.In Fig-
ure3 (b), thevoxelsusedin the �o w computationsarerep-
resentedin green.Thewhite surroundingbox visualizesthe
adaptive boundariesof thesimulationgrid.

In thenext section,wedemonstratethroughasetof exper-
imentshow thesetechniquescanyieldconsiderablespeedup
over traditionalstaticsimulationgrids while preservingvi-
sualqualitysuitablefor graphicsapplications.

5. Results

For fast-rising�o ws,our techniqueproducesgoodvisualre-
sultsonrelatively smallcomputationalgrids.Figure5 shows
the comparisonof simulation4 (seeTable1), betweenthe

motion of the �uid in a staticandadaptive grids.All three
simulationshave similar visualquality.

Table1 shows timing resultsfor severalexperiments.All
experimentswereperformedona3 GHzPC.Giventhesame
initial conditions,westudiedtheperformancesof threealgo-
rithms.The �rst oneis a semi-Lagrangiantechniqueusing
a staticgrid, the secondoneusesa moving domainasex-
plainedin Section4.1,andthethird oneusesa reshapeddo-
mainasexplainedin Section4.2.Column2givesthenumber
of iterationsfor which eachexperimentwas run. Columns
3, 5, and8 show the numberof voxels includedin simula-
tion for the static,translated,andthe adaptive grid respec-
tively. For thestaticandthetranslatedgrid, this is aconstant
number, whereasfor the reshapedgrid we storethe aver-
agenumberof voxels over theentiresimulation.Similarly,
columns4, 6 and9 show the total time in secondsrequired
for theexperimentundereachgrid type.Thetableshowsthe
speedupobtainedusingthe translatedandthe reshapeddo-
mainfor eachexperimentin columns7 and10 respectively.
For a givensimulation,we decidethesizeof thestaticgrid
by using the displacementof the domaincomputedusing
thetranslatedgrid. Experiment4 shows thatfor averyhigh-
rising �o w, our algorithmrunsup to 5:3 timesfastercom-
paredto a staticgrid.

Our techniqueis signi�cantly fasterthanonethat usesa
large static domainbecauseasymptotically, the advection,
force,andvorticity con�nementrequireO(n) time,wheren
is the numberof grid cells in G. However, the costof the
diffusionandprojectionstepsis signi�cantly worsethanlin-
ear. ThesparsePreconditionedConjugate-Gradient[NW99]
solver we areusingconvergesin approximatelyO(n1:5) it-
erations.Multigrid solvers [WE04] appearto converge in
O(n) time, but they are notoriouslydif�cult to implement
for irregulardomains.Also, thereshapedgrid is fasterthan
the translatedgrid becauseit adaptsthe grid to the shape
of the �uid, hencea lot of computationtime is savedwhen
the boundingvolumeis muchsmallercomparedto the ac-
tual grid size.Becausethecontinuative boundarycondition
is only an approximationto the true �o w, the detail of the
computed�o w can be different for the adaptive technique
thanfor thestatictechnique.However, this dependson how
aggressively theparticlesareculled in the reshapedgrid as
discussedin section4.2.As canbeseenfrom theexamples
in the video andFigure5, the overall characterandvisual
�delity of the �o ws is maintained.We believe this quality
is high enoughfor many applicationssuchasvisualeffects,
virtual reality simulations,andgames.

By limiting the domain,onemight argue that our algo-
rithm seriouslycompromisetheaccuracy of thesimulations.
In general,a disadvantageof semi-Lagrangianschemesis
thatthey donot formally conserve integral invariantssuchas
total mass.A posterioricorrectionis neededto enforcecon-
servationof suchquantities.In our case,we usetheHodge
decompositionto project the �o w onto a massconserving
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Experiments Iterations StaticGrid TranslatedGrid ReshapedGrid
Voxels Time Voxels Time Speedup Voxels Time Speedup

1 50 270000 1239 150000 612 2.0 119110 488 2.5
2 100 380250 3800 242000 2198 1.7 186257 1691 2.3
3 100 539000 5970 288000 2677 2.2 195583 1761 3.4
4 50 490000 2669 338000 1724 1.5 113074 501 5.3
5 100 490000 5332 288000 2751 1.9 184750 1704 3.1

Table 1: Timingresults.

1

1.2

1.4

1.6

1.8

2

2.2

2.4

1 7 13 19 25 31 37 43 49 55 61 67 73 79 85 91 97

Reshaped
Moving
Static

N
or

m
al

iz
ed

 M
as

s

Time Step

Figure4: Mass�uctuations.

�eld. However, thesolverweareusingfor thePoissonequa-
tion doesnot preserve mass.In Figure4, we show thenor-
malizedmass(with respectto theoriginal mass)asa func-
tion of timefor experiment2 for thestaticgrid, moving grid,
and reshapedgrid. We observe that the normalizedmass
�uctuateswith all threetechniques.Thealgorithmswe pro-
posein this paperdo not produceworsemass�uctuations;
in fact the threealgorithmsperform in remarkablysimilar
waysasfar asmasspreservationis concerned.

The conservative natureof our techniqueallows us to
reducethe number of grid cells, resulting in signi�cant
speedupsfor �o ws thatcover a largephysicaldomain.Fur-
thermore,our adaptive strategy for determiningwhich cells
to cull allows a smoothcontrol of speedversussimulation
quality. By settingthere�nementthresholdlow, we areless
likely to cull importantcells, resultingin a more accurate
simulationat the costof greatercomputationtime. Setting
a lower valuehigher thresholdwill result in a domainthat
tightly �ts thecellswhicharemostturbulent.

6. Conclusion

We have presenteda suiteof adaptive grid techniquesthat
allowsef�cient simulationof �o wsovera largephysicaldo-
main.Thesetechniquesincludeanef�cient andeasyto im-
plementmethodthattranslatesthedomain.We alsoprovide
a methodfor adaptingthe extentsof the domainto match
theshapeof the �o w basedon thesatisfactionof continua-
tiveboundaryconditions.

As future work, we are interestedin further pushingto-
wardsreal-time�uid �o w applications.The metric derived
in Equation10 providesa structuredway to rank how im-
portanteachcell in thedomainis to thesimulation.We can
usethis to designa priority schemethat would allow the
simulationof �o ws within a limited computationalbudget
while striving for the bestpossiblesimulationquality. We
believe that by combininga computationalpriority scheme
suchas this with additionaladaptive grid techniquesor a
moreef�cient solver suchasmultigrid, we will be able to
achieve highquality3D �uid simulationssuitablefor games
andotherinteractiveapplications.Also,wewouldliketo ex-
plorebetterpredictorsfor thevelocity, v(t), of thecenterof
theregion of interest.For instance,a Kalman�lter [GA93]
framework might yield betterestimates.
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Appendix

In what follows, we useEinsteinnotation:the repetitionof
anindex variableimpliesasummationoverall valuesof this
index. Let x0= x� c(t), wherec(t) =

Rt
0 v(t )dt , beachange

of coordinatesystem.Let usconsiderthevelocity u0= u �
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Figure 5: Comparisonbetweenstaticgrid andour adaptivegrid algorithms.Thetop row of imagesshowsthe�uid simulated
with a staticgrid. Themiddlerowshowsthe�uid simulatedwith a themovingdomaintechniquedescribedin Section4.1(using
thesameinitial conditions).Thebottomrow showsthe�uid simulatedwith theadaptivetechniquedescribedin Section4.2.

v. Our goal is to show that if f u(x;t);T(x;t); r (x;t)g is a
solution of the Navier Stokes Equations(as formulatedin
equations1 to 4) thensois f u0(x0;t);T(x0;t); r (x0;t)g.

First, sinceboth u (incompressible�uid) andv (uniform
�eld) aredivergencefree,thesumof both �elds, u0, is also
divergencefree.Let usnow turn to themomentumequation
(equation1). In the original (�x ed) coordinatesystem,it is
writtenas

¶u
¶t

(x;t) + ui
¶u
¶xi

(x;t) = RHS(x;t);

whereRHS(x;t) representstheright handsideof equation1.
In the coordinatesystemx0= x � c, the previous equation
becomes

¶u
¶t

(x-c;t) + ui
¶u
¶xi

(x-c;t) = RHS(x-c;t): (11)

Let us now examinethe partial derivativesof u in the new
coordinatesystem:

¶u
¶t

(x-c;t) =
¶u
¶t

�
�
�
�
x-c

�
¶ci

¶t
¶u
¶xi

�
�
�
�
x-c

=
¶u
¶t

�
�
�
�
x-c

� vi
¶u
¶xi

�
�
�
�
x-c

¶u
¶xi

(x-c;t) =
¶u
¶xi

�
�
�
�
x-c

:

Bringing theseresultstogetherin equation11 yields

¶u
¶t

�
�
�
�
x-c

+ (ui � vi )
¶u
¶xi

�
�
�
�
x-c

= RHS(x-c;t):

Usingu = u0+ v, we derive the following relationshipsbe-
tweenthepartialderivativesof u andu0

¶u
¶xi

�
�
�
�
x-c

=
¶u0

¶x0
i

�
�
�
�
x0

¶u
¶t

�
�
�
�
x-c

=
¶u0

¶t

�
�
�
�
x0

+
dv
dt

:

Themomentumequationis �nally rewritten as

¶u0

¶t
+ u0

i
¶u0

¶x0
i

+
dv
dt

= RHS(x0;t);

wherethe term dv
dt is the accelerationof the moving frame

of reference.We canmove it to the right handside,RHS,
whereit canbeabsorbedin a modi�ed pressureterm

Ñp+
dv
dt

= Ñ(p+ x0�
dv
dt

):

The rest of the terms in RHS are consistentwith the
changeof coordinatesystem.In particular, sincethe �eld v
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is spatiallyuniform,Ñ2u0= Ñ2u andÑ � u0= Ñ� u. Con-
sequentlytheNavier-StokesEquationsremainthesameun-
der the transformationx0 = x �

Rt
0 v(t )dt , u0= u � v, and

p0= p+ x0� dv
dt .

As aconclusion,theNavier-StokesEquationsfor constant
density�uids areinvariantunderrectilinearaccelerationof
theframeof reference.
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